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PREFACE. - 



OF all the works of antiquity which have ' 
been tranfmitted to the prefent times, none ' 
are more univerfally and defervedly efteemed' 
than the Elements of Geometry which go 
under the name of Euclid. In many other 
branches of fcience the moderns have far 
furpafled their matters ; but, after a lapfe of 
more than two thoufand years, this per-^ 
formance ttill maintains its original pre-' 
eminence, and has even acquired additionaF 
celebrity from the fruitlefs attempts which 
have been made to eftablifh a different 
iyftem. 

It is, however, generally allowed, that the 
Elements, as they now ftand, are attended 
with many difficulties, which greatly retard 
the progrefs of learners, on their firft en- 
trance upon this ftudy, and prevent them 
from applying to other branches of know- 
ledge, which, in the prefent advanced ftate 
of the fciences, are equally ufeful and ind- 
portant. Among other obftacles of this kind 
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iv PREF;AG;K 

ipay^be Hienticnied the theory of parallel lines, 
fherdod^rine, of propoFtion, und mapy things 
ift the eleventh ^nd twelfth books, relating 
to (oUdsy which are ufually found extremely 
eicl)arrafrmg ; and notwithfianding. th^ quin* 
berleis efibrts which have been made to eluci- 
date and explain them, are fiiH liable to many 
olgedioiis; . ■• 

V On:thift account, it haa beei^ found neoe£i 
&xfr^ in moil of our acad^poical inilitiitions, 
tt^ha^esrecpurfe to fome^^f t^e more com*^ 
yendiouft ruditnents of later vriters^ - wbo^ 
hf 4ii«Bns oif a different armnneiaAent, hav^ 
9BdeaT(mr^d to ne w-^mojdel the fu tgisSF^ aild 
tArrpnd^x it fa^ complex aodelabofate^ But; 
die grester pwt pf them at^e ^ ill digefled 
ttisut'the?^ fisflrve ^rather to miOead theiearn^f 
4lMubtQia£ford ;liim>any: af&ilance.. i.F/or, . be*- 
fides being deficient iq order apd method, 
ioiflH^Qf 4)hefe: anthori haver treated the iub* 
jbi^^ldgefaff^ically.i ' and others^* by intrbn 
4uping:^»iiwbfibeF of exceptionable principles, 
mbid iirjvagite 4infii|isfe^6loir^ mode of demonn 
ilirktiail^bay^ 'degraded the fcience, and de- 
ftivedAii Df.:f;wie'6fvita moft ftrijdng ad>» 

It 
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It is, thevefore^ tlie defign jof tfaefe^ 
pearforarance, to obviate thcfe obje^OM;^ siA 
to render the fubjeft mora &mihar and fem 
^icuow, Avitdiout weakening it9 evidence^ oi' 
deftroying Ub elegance and fimpjicitji. ' Fov 
this purpoie^ many prpj^oiitions- in £€CfiriH 
vhichareofiiiide w BO'iife inith^ap^i^ 
cation, and were only introduced: iinib'ftlMi 
£lement8 . aa .neoeflary; links in therchaiA of 
^Kafonixig^: are hcare ^omitted r and ^theraiab^ 
fikoted intthc&r plaoe^ «hioh are eqnal^ aooih 
diMve to; . tktt • ead, and^' at lika iame : iftutl^ 
no06a&&i^Md:ro^ tkia-niaaiis alt 

Jiha mafk . aflential* : piinoiplei of the: fc&snea^ 
hate been bMUghfc onto » ihMtBr i obiaxpiitj, 
jaad i the dentonfisaliDnrt wihtdiL lead ) i» . )itr 
iWblimev truths; fo Gontilmedi as: ttxteaii^ 
th^ir oabne£iion agiobyiouB:' tabd ctiaipreha^ 
fiveia&^polfible,-*. ^o- 'i;>o>S '■ ;/•«:-•*.< ci-^brl-" 
WfJ^fadtteaie^bafftdfo been; itakeh^ ta pteSm^ 
thatmetliochaaik {Mredfion and rigoulr of prod^j^ 
vi^iimh,. iH^ tjneating: of this /ubgofi;,. af€f nqui^ 
4kes i of : n£arly n ecpmL riaipoitanop:^ m th }. tkm 
fcietice.itfelfl For independandy .of ilxr^l^^r 
ad^^antages^ Gieometryiias always been coi^ 
^dered as an excellent logic, which in iomif' 
xl ing 
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Uigi the mind, aad eftablifliing a habit - of 
cMe thinking and juft. reafoning, in every 
eoquiry after truth, is far fupelrior to all the. 
dijal@£iical principles that have yet been in** 
vented ; ,the iimplicity of its tfirft; 'principles ;» 
tjie* clearnefs and certainty of its demonftra-^ 
tionsrj: the regulanconpatenation of its parts ; 
fuid thfi luniverfality of .its . application being* 
iUch.asi no other Aibje6l /can boaiL 
-riyojF.thefe reafons,. it was judged .qeceflary 
t^ adbere^asi clofely as poflible) to tha plan of 
lIlM^ifriginal ElemenjUj: this .being, , in many 
iifye&»y mudi more, natural . and judicioua 
lbftiu»yvQf thofe which h^ve fince be^AproHi 
|nifi»d by other writera* But as the work. waA 
xatheo dafigned as a regular Infiitution. of the 
-soft nfeftd . principles of the fciene^, thap 
%' ftrid abridgment of Euclid,- fome al-* 
terations have been made, both in the ar« 
taagiBroent of the propofitions and the mode 
df .demonftration ; the latter of which, in 
.paxttcnlw, it is prefumed, will be found 
.«DBfider»bly impcovied, being here dehvered 
in a more convenient form, and rendered as 
clear and explicit as the nature of the fubje& 

would admit. .... 

In 






In the firftrfis 'btfokibi ieoei^ td)in| ha« b^te 
dietiidhft rated' Hvith <& • fbru^tildns = - titicdx^iff *, 
Bnfrd it'-^s j^t M defi^hid that tke ftn£ 
-nriethod fhobld lilive 'bieiteit ofoferved ^throii^ 
out ;• iauCthifi,' in trttttihg 'of ^fe (blids, ivMi 
ftutid iiieoirifpattble'' with->^he ' pkftnof •tfife 
wdrky it Iteing Wtf'ftfeircefy'poffiblff tO'foU 
fow rtitf'ftrf^jJrihdljleS '^Sff^EtCfciD icltbdlft 
'becoming^|jn»lk-and obfcttre. • II Wa^then^ 
fd^e tWJh^KJPJpWper,' 1ft tbi^^pftrt df^tb^i^*- 
TOrtnitac^V t(y fK^o'pt'JBt inode of proof, M4iiek 

^errpfi6u<>ii«r'* than** the forttter, -feiid «^;«% 

^i^efeMty liif the A^ay it is •hgi'e giv6nv! «*icli . 
^S foifneffhihg teft exceptiotiabie tbtH' dmt tof 
TGii V A^Ei krii i% ^i ' by whom* it jra^ fitft iiltto- 

'duc^iJJ'- -—"•■--- i ' -%'. ■•■.••-^. ;•..■.■. r/'v.v • 

« 

^ "M^y othet particuIawttHght-be metttitfflh 
''^V in Vtrictf thi* perfbffh&h^e will be'foaad 
^fe difFei- frdtti moft others' of the like natai(e; 
^bftt' as- they oonfifl; 6hiftfly*of impwwemeiils 
^ and emendations vrhifeh^'iis^e toa ^ €^bi/^8oto 

efcape the notice of the reader^ any further 
'account of them would be unneceffary. . It 

is fufficient to obferve that muciiitime and 
i^i ^ 1 attention 
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2 ELEMENTS OF GEOMETRY. 

6. A plane fuperficiei is that wliich is every where 
perfe£Uy flat and even. 



7. A plain re£lilineal angle is the inclination or open< 
ing of two right lines which meet in a poi^t. 




8. One right line is faid to be perpendicular to ano* 
ther, when it makes the angles on both fides of it equal 
to each other. 



■' '■ . . . 



9. A right angle b that which is made by two right 
lines that are perpendicular to each other. 



10. An obtufe angle is that which is greater than a 
right angle. 




1 1. An acute angle is that which is lefs.than a right 
angle. 



/ 
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12. A figure is thai which is inclofed by one or more 
boundaries. 

13. A circle is a plane figure, contained by one line, 
called the circumference, which is every where equally 
difiant from a point within the figure, called the centre. 




14. Re£lilineal figures are thofe which are contained 
by right lines. 

15. All plane figures, bounded by three right lines, are 
called triangles. 

16. An equilateral triangle, is that which has all its 
(ides equal to each other. 



A 



17. An ifofceles triangle, is that which has only twe 
of its fides equal to each other. 



A 



18. A right.4mgled triangle, is that which has one 
right angle ; the fide which is oppofite to the right angle 
being called the hypothenufe. 




19. An 
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!^. An oisitrrfe-dngled triangle, is that which has one 
obtufe angle. 




20. Parallel right lines sycc.fuch as are In the fame plane, 
and which, being prodiicecl ever fo far both ways, will 
never meet. 



9^^ £vtey pkme SgijiCs ho^x^ifii ^ ihor iright Mnet, 
is called a quadrangle, or quadrilateral. 

ts. A paraHdogram* ii a quadrangle wlidfe oppofite 
fides are parallel. 

ZII7 

Z3. The diagonal of a quadrangle, is a right line join- 
ing any two €(f its oppoijy^ «iiglek 




24. The bafe of any figjure is that fide upon which 
it is fuppofed to ftand ; and the vertical angle is that which 
is oppoijie t^ the ];»iifp« 



O 



Note, When an angle is exprefled by means, of three 
letters, the one which ftands at the angular point, muft 
always be placed in the middle. 
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POSTULATES. 

1. Let it be granted that a right line may be drawn 
fiom any one given poitit to another* 

^. That a terminated right line, may be produced to 
any length in a right line. 

S% That a circle may be defcribed from any poiM at a 
centre, at any difiance from that aontine* 

4. And that a right line, which meets one of two 
parallel right lines, may be produced till it meets the 
•ther. 



AXIOMS, 

1. Things which are equal to the fame thing are equal 

CO each other. V 

2. If equals be added to equals the wholes will be 
equal. 

3. If equals be taken from equals the remainders will 
brequal. 

4. If equals be added to unequals the wholes will be 
nnequa]. 

B 3 5. If 



6 ELEMENTS OF GEOMBTRT. 

6. If equals be taken from unequals the remainders will 
be unequal. 

6. Things which are double of the fame thing are equal 
to each other. 

7. Things which are halves of the fame thing are equal 
to each other.. 

8. The whole is equal to all it« parts taken together. '• 

9. Magnitudes which coincide, or fill the fame fpaee, 
are equal to each other. 



Re marks. 

A Proposition, is fomething which is either pro. 
pofed to be done, or to be demonftrated. 

A Problem, is fomething which is propofed to be 
done. 

. ATheorem, is fomething which is propofed to be 
demonflrated. 

A Lemma, is fomething which is previou&y demon^ 
ftrated, in order to render what follows more eafy. 

A Corollary, is a confequent truth, gained from 
fome preceding truth, or demonftration. 

A Scholium, is a remark or obfervation made upo;i 
'fomething going before it. 

PRO. 
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PROPOSITION I. ProbIem. 

Upon a given finite right line to de- 
fcribe an equilateral triangle. 




Let AB be the given right line ; it is required to de- 
fcribe an equilateral triangle upon it. 

From the point A, at the diilance ab, defcribe the- 
circle BCD {Pof. 3.) 

And from the point b, at the diilance a A, defcribe the 
circle ace (Pof. 3.) 

Then, becaufe the two circles pafs through each other's 
centres, they Mrill cut each other. 

And, if the right lines c a, cb be drawn, from the point 
of interfedion c, ABC will be the equilateral triangle re- 
quired. 

for, fince A is the centre of the circle bcd, ac is 
equal to ab {Def. 13.) 

And, becaufe b is the centre of the circle ace, bc is 
alfo equal to ab {Def. 13.) 

But things which are equal to the fame thing are equal 
to each other {j^x. 1) ; therefore AC is tqual to CB. 

And, fince AC, CB are equal to each other, as well as 
jto AB, the triangle, abc is equilateral ; and it is defcribed 
upon the right line ab, as was to be done. 



'r 
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F R O p. II. Problem. 

From a given point to draw a> right line ^ 
equal to a given finite right Uiid^ 




Let A be the given points and ^C. tl|e jpvfBn rigjht' li^B ;. 
It is required to draw a rigbt line^ from the poiit Ai that 
ihall be equal to bc. 

Join the points A, b, (Pof. U) ;. and upon ^A defpribe 
the equilateral triangle bad {Prop. I.) 

From the point B, at the diJBanc^/BCr dioferibie.thff cir- 
cle C£F (Pof. 3.) cutting db produced in Fj. 

And from the point d, at the difiance.DF, defc:rtb€the 
circle FHG {Pof. S.)i then, iio\ be produced to o» 
AG will be equal to bc, as was required. 

For» fince b is the centre of thff circle CfiP, bc is 
equal to bf {Def. 13.) 

And, becauffs D is the centre of the circle thg, Jifi is 
equal to df {Dif. IS.) 

But the partDA is alfo equal to the part db {Def. 16.), 
whence the remainder ag will be equal to the remainder 
BF {j4x. S.) 

And fince ao, bc have been each proved to bc equal 
to BF, AG will alfo be equal to bc {Ar» 1.) 

A right line AG, has, therefore, been drawn from the 
point A, equal to the right line bc, as was to be done. 

SCHO- 



i-, 
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Scholium. When the point a it at one of the ex* 
tremities b, of the given line bc, any right line, drawn 
fbotA'tiUit p€Jiife to the ciraumfcrence of thn drcle csf» 
will \m the Mereq^ad. 

PROP. III. PRaBLHM« 

From the greater of two given right lio^f 
to cut off a part equal to the hfk. 




Let AB and c be the two given right lines ; it is n% 
quired to cut of a part from aB. the greater, equal to c 
the left, 

From the point' A draw the right line AO equal M 
C {Prop. ^.) ; and from the centre a, at the diftance 
AD, defcrihe the circle def (Pdf, S.) cutting ab in r» 

• 

and ae will be equal to c as was required. 

For, fince A is the centre of the circle edf, ae will 
be equal to ad (Dtf. IS.) 

But c is equal to AD, by confiruflioii ; therefore ae 
will alfo be equal to C {A)c. 1.) 

Whence, froift ab, the greater of the two given lines, 
there has b6en taken a part equal to c the lefs, which 
was to be done. 

Scholium. When the two given lines are fo fitu- 
ate, that one of the extremities of c falls in the point 
A, the fonner part of the confiruftion becomes un- 
ncceffary. 

PROP. 
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PROP. IV. Theorem. 

. If two fides and the included angle of one 
triangle, be equal to two fides and the in* 
eluded angle of another, each to each, the 
triangles will be equal in all refpe6ls. 





Let ABC9 DEF be two triangles, having CA equal to 
FD, CB to F£, and the angle c to the angle f ; then will 
the two triangle be equal in all refpefls. 

For conceive the triangle Afic to be applied to the 
triangle def, fo that the point c may coincide with -the 
point If and the fide CA with the fide fd. 

Then, becaufe ca coincides with fd, and the angle 
C is equal to the angle f .{iy Hyp.]^ the fide CB will alfo 
coincide with the fide F£. 

And, fince ca is equal to fd» and cb to fe {iy Hyp.)^ 
the point A will fall upon the point Dt and the point B 
upon the point £• 

But right lines, which have the fame extremities, mult 
coincide, or otherwife th^ir parts would not lie in the 
fame diredion» which is abfurd {Off* 5. 1 1 therefore ab 
falls upon, and is equal to de. 

And, bccaufe the triangle AfiC coincides with the 
triangle DEF, the angle A will be eq^l to the angle d, 
the angle B to the angle £, and the 'two triangles will be 
equal iu all refpe£ls (Ax. 9.) Q'.'E. D. 

PROP. 
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PROP. V. Theorem. 

The angles at the bafe of an ifofceles tri- 
angle are equal to each other. 




Let ABC be an ifofceles triangle, having the fide ca 
equal to tlic (ide CB ; then will the angle cab be equal to 
the an'^ic cba. 

For, in (: A and cb produced, take any two equal parts 
<:!>» C£ {Prop. ^.), and join the points A£» ed: 

Then, becaufe the two fides ca, ce of the triangle 
CA£, are qqual to the t.wo fides CB, CD of the triangle 
CBD, and the angle c itf common, the fide ae will alfo 
be equal to the fide bd, the angle cab to the angle cbd^ 
and the angle D to the angle £ [Prop. 4.) 

And fmce the whole cd is equal to the whole CE (3y 
Ccnji.)^, and the part ca to the part cb [by Hyp.)^ the 
remaining part ad will alfo be equal to the remaining 
part bp (^. 3.) 

Hence, the two fides da, db, of the triangle dab, 
being equal to the two fides £b, £A of the triangle 
£BA, and the angle d to the angle £, the angle abd will 
alfo be equal to the angle b ae (Prop. 4.) 

And if from the equal angles cae, cbd, there, be 
taken the equal angles bae, abd, the remaining angle 

CAB 



1^ ELEMENTS OP GEOMETRY. 

CAB Will be equal to the remaining angle CBA (Ax. 3.) 
Q. E. D. 

CoRO LLARY. Ev^iy equilateral triangle is alfo equi- 
angular. 

PROP. VI. Theorem. 

If two angles of a triangle be equal to 
each other, the fides which are oppofite to 
them will alfo be equal. 




Let ABC be a triangle, having the angle Cab equal 
to the angle cba; then will the fide ca be equal to die 
fide cb. 

For if CA be not equal to cb, one of them muft be 
greater than the other; let c A be the greater, and make 
AD equal to bc [Prop. 5.) and join BD. 

Then, becaufe the two fides ad, ab, of the triangle 
ABB, are equal to the two fides bc, ba, of the triangle 
aCb, and the angle dab is equal to the angle cba (^ 
Hyp.)^ the triangle adb will be equal to the triangle 
ACB [Prop. 4.), the Icfs to the greater, which is abfurd. 

The fide ca, therefore, cannot be greater than the 
fide c B ; and, in the fame manner, it may be fiiewR 
that it cannot be Icfs; confcquently they are equal to 
each other. Q. E. D. 

. CoROL. Every equiangular triangle is alfo equi- 
lateral. 

PROP. 
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m 

If the three fides of one triangle be equal 
to the three iides of another, each to eaoh, 
the angl^ which are oppoiite to the equal 
fides will alfo be equal. 




B \P 
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Let ABC, bBF be two triangles, having the fide ab 

-equal to file fi^ &l, AC to x>f, and bc to %v; then 

will the angle acb be equal to she angli^ d? s, bag to 

BDT, and ABC to D1£F« 

Ibr« tet the triangle Df £ be applied to the triangle 
ACB, fo that their longeft fides, de, ab, may ooixKifc, 
aftd the point )? fall at G ; »d join ce. 

Then, fince the fide ac is equal to the fide DF, or 
AC {iy Hyp.)^ the angle ACC will be equal to the angle 

Acc {Pr$p. B.) 

And, l^anie the fide bc is equal to the fide aF« or 
BG {by Hyp,)y the angle BCG will be equal to the angle 
BCC [Prop. 5.) 

But fince lihe angl^ a<:c, bcg are equal to tbe angles 
AOC, BOC, each to each, the whole angle ac4 will be 
equal to the whole angle agb [Ax* B.) 

Axid, beoatxCe ac ib equsd to ag, ^c to bo, and the 
4UiglB Aos to the ao^ AGB, the angle cab, will, aUb» 

be 
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be equal to the angle gab, and the angle abC to the 
angle abg {Prop. 4.) 

But the triangles agb, dfe, arc identical; confe- 
quently tlie angles of the triangle dfe will, alfo, be 
equal to. the correfponding angles of the triangle acb. 
Q.E.D. 

PROP. VIII. Theorem. 
All right angles are equal to each other^ 




» y 



Let ABC* DEF be each of theni right angles; then 
will ABC be equal to def. 

For conceive the angle def to be applied to the angle 
ABC, fo that the point £ may coincide with the point b, 
and the line ed with the line b a. 

And if EF does not coincide with Bp, let it fall, if 
poflible, without the angle abc, in the direfiion BG ; 
and produce ab to H. 

Then, becaufe the angles abc, ABG arc right angles 
(by Hyp.)f the lines CB, gb will be each perpendicular 
to AH {Def. 8. 9.) 

And, fince a right line which is perpendicular to ano- 
ther r^ht line, makes the ^ngtjM on each fide of it equal 
{Def. 8.}, the angle cb A vf&X be equal to the angle cbh, 
and the angle gb a to the angle gbh. 

But the angle gba is greater than the angle cba, or 
its equal gbh ; confequently the angle gbh is alfo greater 

than 
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tban the angle cbh; that is, a part is greater than the 
whole, which is abfurd. 

The line £F, therefore, docs not fall without the angle 
ABC : and in the fame manner it may be (hewn that it 
does not fall within it ; confequently £F and bc will co- 
incide, and the angle def be equal to the angle ABC, as 
was to be (hewn. 



PROP. IX. Problem. 

To bife6t a given re6lilineal angle, that is, 
to divide it into two equal parts. 




Let BAC be the given re£lilineal angle; it is required 
to divide it into two equal parts. 

Take any point D in ab, and from AC cut off A£ 
equal to ad [Prop. 3.), and join de. 

Upon DE defcribe the equilateral triangle dfe [Prop^ 
1.), and join AF ; then will af bifefl the angle bac, as 
was required. 

For AD is equal to ae, by conftruflion ; df is alfo 
equal to f£ {Def. 16.}, and af is common to each o£ 
the triangles A FD, afe. 

But when the. three (ides of one triangle are equal io 
the three fides of another, each to each, the angles which 
are oppofite to the equal fides are, alfo, equal [Prop. 7.) 

The 
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- Tliefide 2>7^ diecefore^ ^^ equal to the fide ^b» the^ 
angle daf will be equal to the aii|;le fa-e; and oon-* 
foquenlly «be angle bac m bifeoted by ^ ngkt bige af. 



PROP. X. Problem. 

To bife6l a given finite right line, that is, 
to divide k into two ^lal porta^ 




Let AC be the given ri^t line ; it is required to divide 
it into two equal parts. 

Upon AC defcribe the e(}uilateral triangle acb (Prop. 
I.), and bifeft the angle abc by the ri^t line bd 
(Prop. 9.) ; then will AC be divided into two e^ual parta 
at the point D, as was required. \ 

For AB is equal to bc {Def. 16.), 3D is comnrotito 
each of thetrian^es adb, cdb, and the angle abd is 
equal to tke angle cbd {by Confi.) 

But when two fides and the included angle of one tri- 
angle, are equal to two iides and the included angle of 
another, each to each, their bafes will^alfo be equal 
{Prop. 4.) 

The bafe ad Is, therefore, equal to the bafe DC ; and, 
cbnfcqHently, the right line AC is bifcfted in the point d, 
as was to be ionc. 

PROP. 
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PROP. XL Problem; 

■ • • 

4 . • • • ■ 

At a given point, in a given right linfe^ 
^6 fereCl d Jjet^peiidiculaf . 




Let AB be the given right lincj and D the given poiiit 
in it ; it is required to draw a right line, from the point 
by that fliali be j)erpendiculaf to ab. 

Take any pdint e, in ab, and make df equal to de 
{Prop. 3;), arid upon kv defcribe Ihe equilateral triangle 
*CF ^Prop: 1.) 

Join the points D, c ; and the right lin? CD will be 
J)er{)endicular t6 ab, as was required. 

For CE is equal to CF {Def. 16.), ed to Df {ty Confl,) 
and CD is common to each of the triangles ecd, fcd. 

The three fides of the trianglfe ecd being; therefore, 
equal to the three fides of the triangle fCd, each to eachi 
the angle edc will^ alfoj be equal to the angle fdc 
{Pr(^. 7.) 

But one right line is perpendicular t6 another when 
the angles on both fides df it ard equal {Def. 8.) ; there- 
fore CD is perpendicular to ab 3 and it is drawn from the 
point D as was to be done^ 

ScHOLLtJM. If the giveri point be atj or near, the end 
nii AB, the line muft be produced. 



PROFb 
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PROP. XII. Problem. 

To draw a right line perpendicular to a 
given right line, of an unlimited length, 
from a given point without it. 




nt' 



Let AB be the given right llne» and c the given point ; 
it is required to draw a right line from the point c« 
that fliall be perpendicular to AB. 

Take any point d, in ab, and from that point, with 
the diflance DC, defcribe the circle cge, cutting ab 
in c. 

Join GC, and from the point G, with the diftance cc, 
^defcribe the circle n zm^ cutting the former in £. 

Through the points c, £ draw the right line CFE, cut* 
ting AB in f, and CF will be perpendicular to AB, as was 
required. 

For, join the points d, c, d, e, and g, E : 

Then, becaufe dc is equal to de, gc to ge {Def. \S^ 
' zni DG common to each of the triangles DCG, deg, tht 
angle cdg will be equal to the angle gde (Prop. 7.) 

And, fince DC is equal to de, df common to each 
of the triangles dgf, DEF, and the angle cdg equal 

to 
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to the ai^Ie gd£» the angle Die will alfo be equal to At 
angle dv£ {Pro^. 4.) 

But one Kne is perpendicular to another when theangle# 
<tt both fidei of k are equal (Dif. S } ; therefore cf ii 
perpendicular to ab ; and it in drawn from the point Cy 
as was to be done. 



PROP. XIII. Theorem. 

The angles which one right litie makes 
with another, on the fame fide of it, are to-*^. 
gether equal to two right angles. 




Let the right line ab fall upon the right line CD ; then 
will the angles abc, abd, taken together, be equal to 
two right angles. 

For if the angles abc, abd he equal to each other, 
they will be, each of them, right angles (Def.SandO.)] 

But if they be unequal, let eb be drawn,, from the 
point b, perpendicular to CD (Prop, II.) 

Then, fince the angles ebc, ebd are right angle! 
{Def. 8.), and the angle ebd is equal to the angles eba, 
abd (Ax. 8.), the angles ebc, eba and ABD will be 
£qual to two right angles. 

C^ But 
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■: But ^e angles esc,, esa are» together, equal to the 
angle ABC (y4y. 8.); confequently the angles ABC, abd 
%re, alfo, eqijiai to two right angles. Q. £. D. 

Co ROLL. All the angles which can. be made, at any 
point By on the .Tame fide of the right line CD, are, to- 
gether, equal to two right angles. 



PROP. XIV. Theorem. 

/ 

If a right line meet two other right lines, 
in the fame point, and make the angles on 
each fide of it together equal to two right 
angles, thofe lines will form one continued 
right line. 




X^t the right line ab meet the two right lines cb, bDj 
at the point b, and make the angles ABC, abd together 
equal Co two right angles, then will bd be in the fame 
right line with CB. 

For, if it be not, let fome other line be be in the fame 
right line with cb. 

Then, becaufe the right line ab falls ^ipon the right 
yne CBE, the angles abc, ab£, taken together, are equal 
to two right angles [Pro/>. 13.) 

But the angles abc, abd are alfo equal to two right 
angles {iy Hyp.) ; confequently the angles ABC, AB£ are 
•qual to the angles abc, abd. 

And, 
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And, 'if the angle abc, which is common, be taken 
away, the remaining angle abb wiH be equal to the re* 
maining angle abd ; the Icfs to the greater, which is 
ibfurd. 

The line BE, therefore, is not in the fame right line 
with CB ; and the fame may be proved of any otlier line 
but BO ; cohfequently cbd is one continued right line, as 
was to be (hewn. 



PROP. XV. Theorem^. 



If two right lines interfeft each otber^ the 
oppofite angles will be equal. 




Let the two right lines ab, cd interfeft each other in 
the point e ; then will the angle aec be equal to. the 
angle deb, and the angle aed to the angle ceb. 

For, fincethe right line CE falls upon the right line 
AB, the angles aec, ceb, taken together, are equal to 
two right angles [Prop. IS.) 

And, becaufe the right line be falls' upon the right 
line CD, the angles bed, ceb, taken together, are alfo 
equal tg two right angles (Pr^^. 13.) 

The angles aec, ceb, taken together, are, therefore, 
equal to the angles bed, ceb taken together [Ax. 1.) 

C 3 And. 
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And, if the angle CSB, which is common, be taken 
away, the remaining angle aec will be equal to the r^ 
fliaioing angle bed (uix. $,) 

And, in the fame manner, it may be (hewn that tlir 
a^Ie A£D IB equal to the ao^Ie ceb. Q^ £. D. 

C o R o L L . All the angles made by any number of right 

Jines, meeting in a point, are together equal to four right 
angles* 



PROP. XVI. Theoreic. 

■ . . . . ' ^ • 

If one fide of a triangle be produced, the 

outward angle will be greater than either of 

the inward oppofite angles. 




Let ABC be a triangle, having the fide ab produced 
to D ; then will the outward angle cbd be greater than 
either of the inward oppofite angles b ac or acb. 

For, bifc£l bc in £ (Prop* 10.}, and join ae ; in 
which, produced^ take ef equal to A£ {Prep. 3.), and 
join BF. 

Then, fince ae is equal to £f» £C to eb {iy CortftJ) 
and the angle aec to the angle bef [Prop. 15.}, the angle 

ACE will, alfo, be equal to the angle £BF (Pr^* 4.} 

But 



BOOK THE FIEST« S3 

But the single cbd is greaiter tbah the angle ebf ; conk 
fequentljr it is alfo greater than thie angle ace. 

And, if CB be produced to g« and ab be bifc3ed, it 
may be fliewn» in like manner* that the angle ABG, or it^ 
equal CBD#. is greater than cab. Q. £• D. 



PROP. XVW. Thborbm. 

The greater fide of every triangle is oppo* 
jiite to the greater apgle ; and the greater 
^Jigle te the greater fide. 



k 




Let ABC be a triangle, having the fide AB greater than 
the fide AC ; then \/\\\ dhe angle ACB be greater than the 
angle abc. 

For, fince a.b is greater than AC, let ad betaken equal 
to AC [Prop* 3.), and join CD. 

Then, fihce cdb is a triangle, the ofttward angle adc is 
greater than the inward oppofite angle DBC {Pr$p. 16*) 

But the angle acd is equal to the angle adc, becaufe 
AC is equal to ad ; confequently the angle acp is, alfo, 
greater than dbc or abc* 

And, fince acd is only a part of acb, the whole angle 
.\CB muft be much gfeater than.the angle abc. 

Again, let the angle acb be greater than the angle 
\BC, then will the fide ab be greater than the fide ac. 

C 4 For 
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; For, if AB be not greater ihpA AC, it mtift be chhpj" 

..... f 

.c.-jual or Icfs. 

But it cannot be equal, for th6n the angle acb wouW 
be eqtla^to the angle ABC (Prop. 5.), which it is nqt. 

Neither ca!n it belefs, for then the angle ACB' w0uld be 
lefs than the angle abc (Prop. 17.), which it i$ not. 

The fide ab, therefore, is neither equal to AC,^ nor left 
^han it ; confequently it muR bie greater, - 1^. E, D, 






PROP, \Vm, Thsqrpm, 



I ■ * w «-; / * >. • » 



Any two fides of a triangle, taken togca 
ther, are greater than the third fide. 




- LetcABC be a triangle ;• then u'ill any tM''o fidei of it, 
taken together, be greater than the third fide. 

For, in ac prodttce4» take:CD equal to ce {Pr^^ 5.}, 
and join bd. 

' Then,' becaufe CD is equal to cb (by c»njl.\ the angle 
CPB will be equal to the angle cbD [Prop. 5.) 
.'But the angle abd is greater than the angle cbd^ 
confeq^uently it muft alfo be greater than the angle adb- 

And, fince the greater fide of every triangle, is op- 
ppfite to the greater angle (Pf^>/. 17.), the fide ad is 
greater than the fide ab. 

But AD is equal to AC and cb taken together [by^ 

fonft.) ; therefore AC, CQ.are alfo greater tlian ab. 

And| 
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And, in the fame manner, it may be flicwn, that anjr 
mother tvro fides, taken together, ^e greater dian 
^ird fide< Qf £• D, 



PROP. XIX. PliOBLBM. 

To defcribe a triangle, whofe fides ftiall 
he equal to three given right lines, provided 
ftny two of them; taken together, be greater 
jthfWJ .the thirds 







B 



J-et A, B, G be the three given right lines, any two of 
which, taken together^ jare greater than* the third ; it is 
required to m;^e a triangle whofe fides fliall be equal to 
yk, B, c refpeSively. 

Draw any right line dc ; on which take 0£ equal to A, 
JEF equal to b, and fg equal to c {Prop. 3.) 

From the point e, with the diftance ED, defcribe the 
circle KHD, cutting dg in k ; and from the point f, 
|vith the dift^ce fg, defcribe the circle OHL, cutting 
PG in L. 

Then, becaufe eg is greater than ED (by Hyp.), or iti 
/equal ek, the point G, which is in the circumference of 
the circle XJH j-, will fall without the circle khd, 

•And, becaufe fd is greater than yq [by Hyp.]^ or its 
^qual FL, the point d, which is in the circumference of 
l^e (cifplf KHDy yf'i\\ fall without the circle GHt^^ 

But 
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« But finceapart of the circle chl hH$ without the 
circle khd. and a part of the circle kho falls without 
the circle ghl, neither of the circles {pan b^ included 
within the other. 

Again, becaufe d£, fc, or their equals £R» fl are, 
together, greater than £F • {iy Hypi\ the two circles can 
neither touch nor fally without each other. 

The^ muft,' therefore, cut one anodwr, in Ibme poini 
« ; and if the ri^t Unea j|H« m be drii^vn, £|ftjP will be 
4bc triangle re<|ujured. 

For, fince £ is the centre of the circle khp, £H is 
equal to £D {Def. 13.) ; but £D is equal to A (iyConft.); 
therefore £H is alfo equal to A. 

And, becauie F is the centre of the circle ghl, fh is 
iequal to fg {Def. 13.) ; but FG is equal to c {iy C^nJiJ) ; 
therefore fh is alfo equal to c. 

And fince £J^ is, likewife, equal to B [hy Confl.\ the 
three fides of. the triangle £HF are tefpefiively equal to 
the three given lines, a, b» c, which was to be (bewn* 



PROP. 
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PROP. XX. Problem. 

At a given point, in a ^iven right line, 
to make a reftilineal angle equal to a given 
J smgle. 





Let D E be the given right line, D the given point, and 
BAG the given leflilineal angle ; it is re()uired to make an 
angle at the point 2> that ihall be equal to BAG. 
. Take any point F in ab, and from the ^oint a, at the 
diftance Af , defcribe the circle ror, cutting Ac in 6 ; 
and join FG. . r 

Make dju equal to af, and K£ equal to iiO.{Prop. S.)^ 
.and fjrom the points o, K, at the dillances ok, K£, do** 
£cribe the circles klt and nhniy cutting each other In l. 

Through the pointvD., l draw the right line dn, and 
ihe angle £DN will bp equal to bag, as was required. ^ 

For, join kl ; then fince AG is equal to af {Def. IS.), 
and AF is equal to ok {by Conji.)^ AG will alfo be equal 
to DK {Ax. 1.) 

But DK is equal to BL{De/. IS.) ; coniequently AG is 
alfo equal to DL {Jx, 1.) ; and fg is equal to K£ or Kl* 
(byC^nJi.) 

Tlie three fides of the triangle dkl are, therefore, 
equal to the three fides of the triangle afg, each to each^ 

whence 



ts 
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whence the angle kdl is equal to the angle fac, or BAe 
\Pr&p. 7.) ; and it is made at the point d, as was to be 
done* • . . \ . ' ' ^ - > . 






P R OP. XXlV Theorem. 



If two triangles be mutually* ^uiddag^lar, 
and have two correfponding fides equal to 
each otfaer,^ the other corriefpo'nding fides 
will alfo be equal, and the two triangles will 
be equal in all refpefts, - .— 



. * . , • 
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Let the triangles abc, def be mutually equiangular, 
mnd ha\x the fide ab. equal to the fide De ; then will the 
iide AC be alfo equal to the fide df,' the fide bc to the 
fide EF, and the two triangles will be equal in all rcfpefts. 
' For, if AC be not equal to df', one of them muft be 
greater than the other ; let AC b^ the greater, and make 
'AG equal to df [Pr»p. 3.^ ; and join BG. 

Then, fince the tw^ fides ab, ag, are equal to the 
two fides DE, DF, each to each, and the angle gab is 
^cqual to the angle fde [by Hyp,) y the angle abg will, 
alfo, be equal tolhe angle def {Prop. 4.) 

But the angle def Is equal to the angle abc [by Hyp.) ; 
.confequently the angle abg will, alfo, be equal to the 
^ngle A^c> the lefs to the greater, which is abfurd. 
.1 The 
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\^TheT)c[e AC, therefore, cannot begres^r thaathe fide 
jdf; an^t in the; /"^e manner, it may be {hewn that k 
cannot be lefs ; confequently it muft .be. equal to it« 
. And, Cnce.the Uroiides. AC, ab, are equal to the two 
fides DF, Dj;, each. to each, and the angle cab is e^ual 
to the angle FD£, the fide bc will alio. be equal to the 
fide EF, and the two triangles will be equal iii all refbefls 



•f 



PROP. XXII. Theorem. 



. ;lf a xightr line -interfe6l two other, right 
lines, andi make the alternate aoigles equal to 
each other, thofe lines will be parallel. 



• » 
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Let the right line i^¥ interfefl: the two right lines Ai, 
CD, and make the alternate' angles aef, EFD equal to 
each other; then will ab be parallel to CD. 

For, if they be not parallel, let them be produced, and 
they -will meet each other, either on the fide 'AC , or on yhm 
fide BD {Def.^0.) 

JfStippofe them to meet in the point c, on, the. fide hn^ - 
• Tfeen^ finice.»FjGB is a triangle, the putward-au^gl^; a£# 
ii greater than the inward oppofite angle efd (J^f^i-? 16-.)- 

: But 
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Buttheangfcf, ABf, efd, aipe equal to each other (ijr 
Hyp'}; whence they areeijual and unequal at the fame 
time, which is; abfuri. 

' The lines AB, CD, therefere, cannot meet on the fide 
t:xy ; and, in the fame manner, it may be Ihewii that they 
cannot meet' on the- fide ac ; confequently they itiuft be 
parallel to each other (Def. 20.} Q. E. D. 

C o R o L L . Right lines which are perpendicular ta the 
fame right line are parallel to each other. 



PROP. XXIII. Theorem. 

If a Kght line mterf&&, two other right 
finesy and make the outward angle equal to 
the inward oppc^te one, on the fame fide ; 
or the two inward angles, on the fame fide, 
together equal to two right angles, thofe 
lines wiU be parallel. 




- Let !he right line ep interfed the two rigfar Kact ill, 

CD, and make the outward angle £GB equal to the ia« 
vpard angle ghd ; or the two inward angki bch, QftD 
togetKer t^ml io two right angles ; then wiU ab be pa. 

fiUeliac»« 

For. 
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For» fince the ioiglef egb, gi! d are equal to each other 
{bfHyf.)j and the angkift agh, egb are alfo equal t» 
each other [Pr&p. 15. )» the angle ACtt will be equal to 
the angle ohd (Ajc. \.) 

But wKcR a right line tnterfeSs t\^ other right Itnef, 
and makes the alternate angles equal to each other, thofe 
lines will be paraHel {Prop. itZ>) ; therefore ab is parallel 
to CD* 

Again, fince the angles bgh, ghd are, together, equal 
to two right angles [hy Hyp.), and agh, bgh are, alTo, 
equal to two right angles, (Prop. 13.) the angles Aan; 
bgh will be equal to the angles bgm, GH d (Ax. I.) 

And, if thecMiftibn angle^ bgh be tsdcen away, the 
rematmng angle agh wiU be equal to the remaining angle 
i^B {At. S.) 

, . But thefe are alternate angles : therefore, in this eale^ 
Ab wiir, aUb, be parallel to C0 {Prop. 22.) Q. E. D. 



PROP. XXIV. Theorem. 



•*; 



If a right line interfe6l two parallel right 
lines it will make the alternate angles equal 
to each other. 







, Let the right line ep inter fea the tw9 parallel right 
lines ab, cp; (;hcn will the angle aef be equal to the 
alternate angle £fo. > . 

% - - « For 
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For if they be not equal, one of them muft be great^f 
than the other; let efd be the greater;, amd make tht 
Wglt JBFB equal to aef (Prcpi 20.) 

Then, fince ab, CD are parallel, the right. line fii- 
which interfeds cD| being produced, will m^et ab ixt 
fome point b {Paf. 4.) 

And, fmce £FB is a ttiangle^ the outward angle JiElr 
will be greater than the inward oppofite angle £Fil. 
{Prop. 160 

But the aiigies.AEFi £fb are equal to each other (iy 
Confi.) whence they are equal and unequal, at the fame 
time, which is abfurd^ 

The angle £FD, therefore, is not greater than the angle 
A£F ; and» in the fame manner, it may be (hewn that it is 
not lefs ; confequently they muft be equal to each other« 
Qi £. D. 

CokoLL^ Right lines which are perpendicular to ons 
of two parallel right lines, are alfo perpendicular to thfi 
•ther« 



PRbp- 



febdfe i^iife Pifesti 93 



P R Ci ^. XXV: TkEbRiM; ' • ■ - 

If sL right line interfe6l t\^o parallel right 
lines, th^ outward an^e will/bo^i^quitl to the 
inward oppofite one, on the fame fide ; and 
the twd inward angles^ on the fattife lide, will 
be equal to Wd right ahgles* 



■\ 



Liet the right line ef intcrfefl: Hie twd |Jarailel right 
nites AB, CD ; then ^11 the outward angle EGB be equal 
to the inWard opt)or]te angle gHd ; and the two inward 
•riigleft lOH, CHD will hk eqnH to two right Ang1es< 

For, fencifc tUti right lihe it r inierfeai the two parallel 
Hght linei ab, cd, the angle Aoh will be e^ual to the 
atcdtiaie angWS GftD {Prop. isr4;) 

But ihe ah^e AGH is dqiial to the Qpjpofite aingte ECd 
(Prfip. 15.) ; therefore the aiiigle £GB Will, alfo, be equal 
io tli^ alible Gk0. 

A^Til iihcfc the right Mm BG falls upoh the right line 
^F, the angles egb, bgh, taken together, are equal to 
t#d ri^ angles (i^ri^. IsO 

bA thi angle egb has been fliewn to be equal to the 
isibgib 9iHJ)j thiSrefore, the angles bgh, ou b, tatcen toge- 
thtri Willi alfo, bp equal to two right angles. Q. £. D. 

^ COROLL. 
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For, if AB be not greater thjui AC, it mtift be elthpjr 
p:jual or lets. • 

But It cannot be equal, foi- th6n tte angle acb would 
bfe eqaatto the angle ABC (Prop. 5.), which it i% nqt. 

Neither cafn it be leTs, for then the angle ACB'wOuld be 
lefs than the angle abc {Prop. 17.), which it is not, 

The fide ab, therefore, is neither equal to AC, nor lef| 
fhanit; confequently it muR be greater. Q/E, D, 



4 ■ 
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Any two fides of a triangle, taken togca 
ther, are greater than the third fide. 




• LetxAfiC be a triangle ;• then unll any two fidca of it^ 
taken together, be greater than the third fide. 

For, in AC produced, take CD equal to gf {Prpf^ S.), 
and join bd. 

'' Then,* becaufe CD is equal to cb (iy conft,\ the angle 
CDB will be equal to the angle cbD (Prop, 5.) 
-•But the angle abd is greater than the angle cbd^ 
confequently it muft alfo be greater than the angle adb. 

' And, fince the greater fide- of every triangle, is op- 
pbfite to the greater angle (Pf^/. 17.), the fide AD i^: 
greater than the fide ab. 

But AD is equal to AC and cb taken together [bjt^ 
fonfl.) ; therefore AC, CQ.are alfo greater tlian ab, . . •» 
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' And, in the fame manner, it may be flicwn, that anjr 
j0ther iMTo fides, taken together, '9xc greater Aan the 
Ihird fide* * Q? E. D, 



PROP. XIX. ?KOBLSM. 

* • * 

To defcribe a triangle, whofe fides ftall 
be equal to three given "right lines, provided 
finy two of.them^ taken together, be greater 
Jthan the third. 



B 
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J^et A, B, € be the three given right lines, any two of 
which, take^ together^ jare greater than' the third ; it is 
required to m^ke ^ trigngle whofe fides (hall be equal to 
/k, B, c refpeSively. 

Praw any right line DC ; on which take D£ equal to A, 
jEF equal to b, aiid fg equal to c {Prop, 3.) 

From the point £, with the diftaace ED, defcribe the 
circle RHD, cutting dg in r ; and from the point f, 
^ith the difi^ee fg, defcribe tKe circle GHL, cutting 
PG in L. 

Then, becaufe eg is greater than ed {iy Hyp.), or its 
/equal ek, the point G, which is in the circumference of 
the circle X>h j-, will fall without the circle khd, 

•And, becaufe FD js greater than fg (iy Hyp.)^ or its 
^qual FL, the point d, which is in the circumference of 
l^e .cirplf KHi>| >fill fall without the circle CHt.^ 

But 
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' ......... ,^ ^ 

' For, if AB be not greater thjoi AC, it muft be elthpr 

.ciual or leTs. 

But It cannot be equal, foir then the angle acb would 
be equa^tothe angle ab'c (Prop. 5.), which it is npt. 

Neither cafn it be leTs, for then the angle A'cb w0uld be 
lefs than the angle abc {Prop, 17.), which it i$ not. 

The fide ab, therefore, is neither equal to AC,' nor lef| 
fhanit; confequently it muR bie greater. -iE^.E. D, 
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Any two fides of a triangle, taken togca 
ther, are greater than the third fide. 




' LetxAfiC be a triangle y then w\\\ any two fides of \%\ 
taken together, be greater than the third fide. 

For, in AC produced, take CD equal to ge {Pr^% S.), 
and join bd. 

' Then,' becaufe CD is equal to cb [by conft,\ the angle 
CDB will be equal to the angle cbD {Prop. 5.) 
-'But the angle abd is greater than the angle cbd^ 
confequently it muft alfo be greater than the angle adb. 

And, fince the greater fide of every triangle, is op- 
ppfi.te to the greater angle (Pf^^. 17.), the fide ad is 
greater than the fide ab. 

But ad is equal to AC and cb taken together {hy^ 
f^fifi-) ; therefore AC, CQ.are alfo greater tlian ab. 
' ^ And| 
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And, in the fame manner, it may be flicwn, that anjr 
j0ther iMTo fides, taken together, 9xc greater Am the 
jthird fide* ' Q. £• D, 



PROP. XIX. Pkoblbm, 

7o defcribe a triangle, whofe iide^ (ball 
be equal to three given' right lines, provided 
fLuy two of them^ taken together, be greater 
Jthan the third. 




J^et A, B, G be the three given right lines, any two of 
which, taken together^ jare greater than' the third ; it is 
required to mi^ke ^ triangle whofe fides ihall be equal to 
/l, B, c refpeSively. 

Praw any right line dg ; on which take D£ equal to A, 
jEF equal to b, and fg equal to c {Prop. 3.) , . 

From the point £, with the diftance £0, defcribe the 
circle RHD, cuuing dg in r; and from the point f* 
j^ith the dift^ce fg, defcribe the circle GHL, cutting 
PG in L. 

Then, becaafe eg is greater than ED {by Hyp,), or iti 
/equal ek, the point Q, which is in the circumference of 
the circle X>H j-, will fall without the circle khd. 

And, becaufe fd js greater than FG {iy Hyp.), or its 
^qual FL, the point d, which is in the circumference of 
^e (cificlf KHi>| yflll fall without the circle GHt., 

But 
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y, 3ttt finceapart of the circle cnu falls wkhout the 
circle KHD, and a part of the circle kho falls without 
the circle ghl, neither of the circles frao. b^ included 
within the other. 

Again, becaufe de, fo* or their equals £K» fl are, 
together, greatop than ef • (iy Myp^\ the two circles can 
neither touch nor fally without each other. 

The^ muft/ therefore^ cut o»e anodier, in Ibme point 
^x ; and if the ri^t Hoes SH» m bcdiivMrn, £|if will he 
-the trian^e re^uAred. 

' For, fince e is the centre of the circle KHP, EH is 
equal to ed [Def. 1^.); but ed is equ^to A [byCmft.)\ 
therefore eh is alfo equal to A* 

And, because f is the centre of the circle ghl» fh is 
equal to fg [Def. IS.) ; but FG is equal to c [by Canji.] ; 
therefore fh is alfo equal to c. 

And fince EJjf is, likewife, equal to B [hy Conji.)^ the 
tliree fides of the triangle EH F are tefpeftively equal to 
the three givea lines a, b» c, which was to be (hewn. 
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PROP. XX. Problem. 

At a given point, in a given right line, 
to make a reftilineai angle equal to a given 
.ra<9iliAeal angle. 





#— **if^ 



Let D E be the given right line, D the given point, and 
BAG the given re6lilineal angle ; it is required to make an 
angle at the point d that fhall be equal to BAG* 

Take any point f in ab, and from the j^oint a, at the 
diflance af, defcribe the circle fgt, tutting Ac in 6 ; 
and join fg. . '^^ 

Make DK equal to af* and ke equal to TG.{Prcp. S.)^ 
and £rom the points d^ k, at the difiances djl, K£, de^* 
(bribe the circles K.Lr and nhniy cutting each other In L. 

Through the points d, l draw the right line dn, and 
ihjc angle edn will bp equal to bajC, as was required. ^ 

For, join kl ; then fince AG is equal to af (Def, IS.), 
and AF 15 equal to PK (iy Cmfi.)^ AG will alfo be equal 

tODK(vix'. 1.) 

But DK is equal to j^i.[Def. IS.) ; confequently ag 25 
alfo equal to DJL (Ax* 1.) ; and fg is equal to K£ or kl 
{byConft.) 

Tlie three fides of the triangle dkl are, therefore, 
equal to the three fides of the triangle afg, each to each^ 

whence 
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^ But (inceapart of the circle CHt falls wkhout the 
circle khd, and a part of the circle kho falU without 
the circle ghl, neither of the circles can: b^ included 
within the other. 

Again, becaufe de, fo* or their equals £K» fl are, 
together, greatop than ef • {iy Myp^\ the two circles cian 
neither touch nor fally without each other. 

The^ muft, therefore^ cut o»e anodier, in Ibme point 
X ; and if the ri^t Unea SH» VH be drawn, £Uf will be 
the triangle re^ujired* 

For, fince £ is the centre of the circle KHP, eh is 
equal to ed [Def. 13.); but ed is equ^to A {byCmft.)\ 
therefore eh is alfo equal to A* 

And, because F is the centre of the circle ghl» fh is 
equal to fg [Hef. 13.) ; but FG is equal to C [by CunftJ) ; 
therefore fh is alfo equal to C 

And fince £^ is, likewife, equal to B [ly Confl.)^ the 
tbree fides of. the triangle EH F are cefpeAively equal to 
the three given lines a, b» c, which was to be (hewn* 



• 
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For» itnce the teglei £GB, gHb are equal to each other 
(ifByj^h affi^ dieaflgfetf agh, egb are a)fe equal ttit 
each other (Prep. 15.), the ara^e AGBF wtU be equal to 
die angle ohd (^. i.}- 

But vfhen a right Kne inter leQs two other right Imet, 
and makes the alternate angles equal to each other, thofe 
lhie« wilf be paraHcl (Prof, idi.) ; fhcrefbr6 ab is parallel 
to CD. • 

Again, (ince the angles bgh, ghd are, together, equal 
to two right angles (iy Hjp.), and agh, bgh are,' alfo, 
eqtkal to two right angfes, [Prop. IS.) the angles agh,^ 
BGH will be equal to the angles bgm, GHO {Ax. I.) 

And, if th^ coffitnan angle^ bgh be taken away, the 
remaining angle agh wiH be equal to the remahttng angle 

. . But thefe are alternate angles : therefore, in d^is cafey 
Ab will, aHo, be parallel to CD {Prop. 22.) Q. I. D. 

i 

PROP. XXiy. Theorem. 

■^ • . . " ■ ■ ■ • ■ . - ' 

If a right line interfe6l two parallel right 
lines it will makq the alternate angles equal 
to each other. 




, Let the right line ef injerrefl; the tw9 parallel right 
line$ AB9 CD; ihen will the angle aef be equal to the 
alternate angle £fd« i. t - 

'^ - j '*' ' For 
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whence the angle kdl is equal to the angle fag, or BAe 
■{Prop. 7.) ; and it is made at the point d, as was to be 
done* • ..."..''. . . ; ^. ^ ': 



P R OP. XXl': Theorem. 



<> 



'1 
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If two triangles be mutually^ eqwdag^liar, 
and have two correfponding fides equal to 
each other,, the other correfponding fides 
will alfo be equal, and the two triangles will 
be equal in all refpefts, ■■ .— 



\> .. 



■ i • 
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Let the triangles abc, def be mutually equiangular, 
"«nd have the fide a b. equal to the fide !de ; then will the 
iide AC be alfo equal to the fide df; the fide 6c to the 
fide £ F, and the two triangles will beeqiial in all refpefts, 
' For, if AC be not equal to dF, one of them muft be 
greater than the other ; let AC b^ the greater, and make 
'AG equal to df {Prsp. 3.'^ ; and join BG. 

Then, fince the two fides ab, ag, are equal to the 
two fides D£, DF, each to each, and the angle gab is 
^equal to the angle fde {iy Hyp,), the angle abg will, 
alfo, be equal to the angle def {Prop. 4.) 

But the angle def is equal to the angle abc [iy Hyp.) ; 
confequently the angle abg will, alfo, be equal to the 
angle ABC, the lefs to the greater, which is abfurd, 

I The 
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If a right line interfeft t\^o parallel right 
lines, the outward angle wiUb^-^q^^l to the 
inward oppofite one, on the fame fide ; and 
Iftie twd inward ahgles^ on the fatij^ iide^ will 
ibe equal tb t^o right ahgles. 
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Lei Ihe right line EF ihlerfefi the Iwd jfJarallel right 
mck kii CD ; then iHll the cutwztrd angle ECS be equal 
to the inWard oppofite angle 6HD ; and the two inward 
^d^et SOH, CHD will (^ equ^ to tw6 ri^ht ^n^1es« 

For, fencithtf right lihe iFmierfefti the tw6 parallel 
Hgfat linei ab, cd, the aiigle Aon will be i^uJi to the 
afc^hiaie anglK gUd {Prdp. !Sr4;) 

But ite ah^e AOH it ciqiial to the qp^fite in^\t eg^ 
(Pr^. 15.) ; therefore the ailgle £CB Will, alfo, be equal 
ict tli^ aiigle Gkd. 

A^Ti^ titrce the fig^ lini^ fie falls tipofi the right line 
^F, the angles egb, bgh, taken together, are equal to 
t#d H^ angles (l^r^. 150 

BjH thi angte tCB has be^h fliewn to bd equal to the 
<piH^j thl!t6&4re, ilii angles bgh, Ctf D, tat:en toge- 
ther; Willi i^fo, bp <fqual to two right angles. Q. £. D. 

^ COROLL* 
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Butthe anglet, AEf , EFf>, are equal to each other (iy 
Hyp*}; whence they are e^ual and unequal at the fame 
time, which is abfuri. 

' The lines AB, CD, therefore, cannot meet on the fide 
TTti and, in the fame mannf^r, it may be Ihewii that they 
cannot meet' on the fide ac ; confequently they muft be 
parallel to each other [Def. ^.) Q. £• D. 

C o R o L L . Right lines which are perpendicular te the 
fame right line are parallel to each other. 



PROP. XXIII. Theorem. 

If a right line interfe6i two other right 
finesy and make the outward angle equal to 
the inward oppc^te one, on the fame fide j 
or the two inward angles, on the fame fide, 
together equal to two right angles, thofe 
lines will be paraUeL 




- Lef the right line £f iitterfe£l the two right lines At, 
CD, and make the outward angle £GB equal to the ia« 
ward angle chd ; or the two inward angles bch, 0M> 
together eqoal lo two rigltt angles ; then wiU ab be pa- 

rsUeliac*. 

For. 
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For» ffnce the teglei £GB» gh p are equal to each odser 
(iflfyf*}f ^«^ die afigki agh, egb are alfe equal ixy' 
each other (Prep. 15.)» die ara^e AGBF will be equal to 
the angle ohd (Ax. i.) 

But when a right line interleSs tvf^ other right Itnet, 
and makes the alternate angles equal to each other, thofe 
Itttcs will be paraHel (Prof, i^.) ; iherefbre ab is parallel 
to CD. • 

Again, (ince the angles bgh, ghd are, together, equal 
to two right angles {iy Hjp.)^ and agh, bgm are, alfo, 
eqtkal to two right angles, [Prop, IS.) the angles agit, 
bgh will be equal to the angles bgm, ghd (Ax. I.) 

And, if the cmitnan angle bgh be taken away, the 
remaining angle agh wiU be equal to the remaining angle 

. . But thefe are alternate angles : therefore, in this eafc, 

Ab will, alfo, be parallel to CD (Prop. 22.) Q. I. D. 

^ ■• . ■ ■ ■-^• 

P R O P. XXiy. Theorem. 

If a right line interfe6l two parallel right 
lines it will make the alternate angles equal 
to each other. 



. * 




, Let the right line ef interreQ; the tw9 parallel right 
lines AB,cp;^hen will the angle aef be equal to the 
alternate angle efd. ' . . 

: - - « For 
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For if they be not equal, one of them muft be great^f 
than the other ; let efd be the greater;, ^d make iht 
Wigle EFB equal to aef {ProJ>i 20,) 

Then, fince ab, cd are parallel, the right line Fii,- 
which interfe£ls cD| being produced, will m^ AFiii 
fome point b {Po/. 4.) 

And, fmce £FB is a triangle^ the outward angle ^/Lzf 
will be greater than the inward oppofite angle £Flf 
{Prop. 160 

But the angles. AEF i £FB are equal to each oth^ (iy 
Conji.) whence they are equal and unequal, at the fame 
time, which is abfurd^ 

The angle £FD, therefore, is not greater than the angle 
A£F ; and, in the fame manner, it may be (hewn that it is 
not lefs ; confequently they muft be equal to each other^ 
Q^£.D. 

C0ROLL4 Right lines which are perpendicular to one 
of two parallel right lines, are alfo perpendicular to thf 
•ther« 



pkbp. 
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PROP. XX. Problem. 

At a given point, in a ^iven right line, 
to make a reflilineai angle equal to a given 
.»5K3ilkusftl single. 
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Let D E be the given right line, i> the given point, and 
BAG the given ie6lilineal angle ; it is required to make an 
angle at the point d that fhal! be equal to 3 AC 

Take any point f in ab, and from the j^CHnt a, at the 
diftance af, defcribe the circle fgt, ciitting^ Ac in 6 ; 
and join fg. . , r 

Make DK equal to af, and re equal to FG.{Pr^. $.)^ 
and £rom the points d^ k, at the difiances i^k, K£, de^* 
(bribe the circles KLr and nhm, cutting each other in l* 

Through the points n, l draw the right line dn, and 
ihjc angle ebn will bp equal to bajC, as was required. ^ 

For, join kl ; then fince AG is equal to af (Def, IS.), 
and AF ijs equal to D¥i {iy Cot^.)^ AG will alfo be equal 

tODK(vix'. 1.) • 

But DK is equal to Bh{Def. 13.) ; confequently AG is 
alfo equal to djl {Jx. 1.) ; and fg is equal to K£ or kl 
(iy Conft.) 

The thrfie fides of the triangle dkl are, therefore, 
equal to the three fides of the triangle afg, each to each^ 

whence 
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CoROLL. Ifa right line interfefl two other right Ilne^^ 
and make the two inward angles, on the fame fide, toge- 
ther lefs than two right anglet» tbpfe line», being produced^ 
will meet each other. 



PROP- XXyi, Theorem* 

Right lines which are paraUel to the fame 
right hne, are parallel to each other* 

V 
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Let the right lines ab, cd be each of them paralletta 
EF,' then win ab be parallel to CD. 

For, draw any right line 6k, cutting the lines AB, IFr 
CD, in,,thc points c, H and fi. 
'Then, beCaufe Ab is parallel to ef (iy Hyp.)ntuid cn-;^ 
interre6ls them, the an^le agh is equal to the altetnite 
a^gle GHF (Pr^/. ^4.) 

* And1)ecaufe cd is parallel to ef (iy Hyf.)^ and HK 
ioterfefis th^ra, the outward angle 'g9F if equal to the 
inward angle mkd [Prop. 25.) 

* But the angle agh has been (hewn to be equal to the 
angle GHF ; ihereforc the angle ags. is alfo equal to the 
angle gkd. " . 

And; fihce the right line ijn interfefls the two right 
lines AB, CD, and makes the' angle a^k equal to the' 
alternate angle GKDi AB will be parallel ~ta '<:{>, <tevra|^ 
to be Ihewn. 

# • ■ * 

•' - ' • PROP. 



. fiodit fti^ iiinkii dd 



H^rough a grVefn pointy td dra\r a right 
line pftraM* tb it given light line^ -< 




Jj6t Ab be the gi^en tight lintt and c the given ^Oxnt ; 
it it itquil^ed to drawji rigH. line th|x>uj^h the point c that 
ihall be parallel to AJb ) 

Take any poinft o in ab, and make db equal to DC 
(Prop* 3.) ; and from the points c, s, with the dilUncea 
CD) BDt defcribe the arc$ rx, nm. 

Then, (ince any two fidek of the tnangle ecd ar^» to- 
gfl|her, gresi^er thaii tlie ttiifd tiii IPrtf. 18*j» thofc iiek 
will interfe&ea^h other (Prep. 19.) 

Let them interfeA alt f ; and througli the points f, c, 
draw the linci ori» andl it will ie parallel to aB» as was 

. For^ lince the (iaes CF; f£ of li\e tnangle sfc arc! 
each equal to the fide CD* or oB, of the triangle cdB, [if 
Cijffi.) and EC is commpOythe angle KCF will be HqvOl 
io the angle ced {Prcf.7i) 

3ot thefe are sllternate singles; therefore gh is parallel 
to AB .(Pr^^ 24.} ; and k is drawA lIiiroug;h the point c^ 
M^waitobe^loiie^ 

* pi PRQf, 



angje cbe jyill bp cquzd, to U;f {fmaining apglc .P4 jp 
(Prop^2Q. Con I A , ' 

But the fide ad is alfo eqyal to the fide Bp (-Prp^,. 31.J 2 
confexjLieqlJy, fipce the tfi^u^le^^p?, bce ^re mutually 
equiangular, jmd liave two cpxr^fppnding fides equal tcf 
pch other, they wilj be equal ^n al) refpefts {JPrfp/^l-) 

If, therefore, from the whole fi£\ire a HEP, thierie be 
taken th^ triangle bCe, there will remain the parallelpgran^ 
Bp J 4nd if, from the fame figure, there bjB taken the tri- 
angle ADF, there wijl rerpain the parallelogram ae. 

But if equal things be taki^n from, th? fame thing, the 
remainders will be equal ;' confequeritly, the paf allelograni 
AE is equal to tbe parallelogram ^d, . 

Again, let abc, abf* he two ^iangles, ftandipg upoi^ 
the fame bafe ab, andbetweea the fame parallel^, Al^ 
CF ; then will the tfi^ii^le ^Bfp ^ equal to the triapglj 
abf. 

For produce CF, both \^^s, to D ajid e, and draw ao 
parallel to Bp, and BB.to A F {Prjff. S?.) 

Then, fince bd,A£, an& two pa^Uelograms, (landing 
upon the fame bafe ab, ^d betwj^en the fame parallels 
A If, DE, ^hey. are equal to ea^h other {^f;op^ 32.)^ 

And, becaufe the di^goqals AC, ^f bifcft thei;n (Profit 
51 .), the triangle a^.c will ^fo be equal to the triangle 
ABF.- Q.E.O. '■"'■• ^ ' -' .•- 



PROP. 



And if, tot tlipfe eqoajs, thetft 1^9 ad<}pd the angle abc, 
^ angles CBiy.'i^^^,. tvken tqgedier, will Ik equal lo.thf 
thvee axigie&iBeA', cab aad abc» taken together* 

But ifae angl^s^p, ab€» taken* together, are equal to 
two right arigle»i(Pro/i. 19.) » confequently the three an- 
gliet BC A, CAB W ABC t«aiken together, are alfo equi^ tq 
two right angliQis. 

: Cproll. L If two angles of one triangle, be equal 
ta two angles of another, each to each, the remaix)ing 
angles will alfo be equal. 

CoROLL. 2» Any quadrilateral may be divided into 
two triangles; therefore all the four angles of fuch a 
figure, taken together, are equal to four right angles. 



PROP. XXIX, Theorem. 

Right lines joining the correfponding ex- 
tremes of two equal and parallel right lines 
we thenjfelves equal and parallel. 
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Let 'a», ub be Ht^ckfifal and parallel right lines; theri 
willthe-Hgh^^hoS'ABs b.^, which join* the correlpcmding 
MtrdtiMS o^thoie-UfiMf^ te alfo equal Iknd parallel. 

For draw ^0 diag^Bod', or right. Hm Ac : 
. Then, beca«f6. ab i« psM^llidl to Dcf, and ac interfeft* 
theBfv, the angle dca willbe equal- to the alternate angle 

DS And, 
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And, becaufe Ab is tqual to x>c (hy Hyff)t AC eom« 
snon to each of the tftianglei abc, A]>c« aniel the ang)e pc A 
equal to the angle c ab, tl)c iide 4D will alfo be equal to ijaa 
fide Bp, and theanglfs dac to the angle Af;B {Pr»p*4.) 

Since, therefore, the right Ime AG interfefla fhe two 
fight linen AD, bc, an4 niaket the alternate angles equal 
to each other, thofe lines will be parallel {Br^p. 2S.) 

But the line ad has been proved to be equal to the HnC 
yc I confequently tliey are bpth equal and earallel. Q.E.D* 



PROP, XX3(. TiiEQRFMf 

The oppofite fides and angles of any paralT 
Jelogram are equal to each other, and tfe^ 
diagonal divides it into two edual parts^ 




\fii ^BCD ))e a parallelpgrani^ irhofe diagonal is' AC { 
then will itB oppofite fides and ai^leS'i)e equal -A<> each 
Other, ^d th( 4iagon^ AC \)rill *4fvide i( \x^ two eQtial 
parts. T 

For, fince the fide ^D U pinillc} tp th^ A4 BC {J)ef^ 
92.), and the right }ine AC mtbfi^l ll»m> the ^le pAC 
^i\\ be equal to the 4ltjnrn9te aogle acB (Pt^ ?4'> 

And, bi^aufe Uie-^de jig i$ ptr^Ue} to th^ (i<|p A9 
{Def. 22.), and AC iiHerfi^s them, tbe ap^e pCA i^ril} 
be equal to tht alternate fuifl^ CAB (Pfyfh^ ^4.) 

Sfnce, therefoire, |hQ twoapgl^ dac, dca, are equal 
$p ihf two angles acb^ cab, esjch to ^^c^ M>e fcins|iiiing 
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Mgle A PC' Will alfo be equal to the remaining angle j^bc 
{Prof, 29.,C^.}* an^ the whoije angle dab to the whole 
arigle dcBm. ' 

. But, the triang]^^ CDA, -abc, being mutually equian- 
gular,,and having AC common, the fide dc will alfo be 
e<}ual to the fide AB, and .the fide ad to the fide BC» and 
the two triangles will be equal in all refpe£ls {Prep 2 1 .) 



PROP. XXXI. Theorem. 

.*■>'." "",.■■■ 

^f^TiP^Kal^ogxfims^ and triangles, ftanding 
.iipon jQie fame bafe^ and between the fam^ 
parallek^ are equal to each other. 




:- / Let AE , . . BD be^ twgt paianelogntms ft^ndipg, upon the 
:. Ifltmebafe AS, and 1)etweeQ t^ fame paralleU ab, de; 
>thbi ^nU the parallelogram At be eqpal to the parallelo- 

gram bd. 
'. ' For, StH^ ATti9i,^wl\plto^<^iO^'>'^^')$^nd 

lerfeSllhem, thRil>¥(Waf4 aiigle ecb will be equal to the 

inwar4-.op^(KUe angle FpAj(P^« ^.0 
^. ,■ Aod» .bec^uf^ A j^ci* p^T^el to Br& {JDef. 2^.)^ and D £ 
. interTe^iLibem, tbe -outward; single afd will be equal to 

£he inward oppofit^ ^Ogip j|;fi<j (i?/^« ^^4 
. .'Since, therefcHPe, tjhl^ angle SCB is equal to the angle 
;.:.{ J0Aii.9ild tl^ Ailgl^ A.r p tp.the angle ft EC, the remaining 
;^^"> • D4 angle 



$8 £l,£Mf:NTS or GSOM^TIty. 

And, becaufe ab is equal to oc (tj Hjfr), AC com* 
nton to each of the tnangici abc, aoc. mi the angle oca 
equal to the angle c ab, the Jide AD will alfo be equal to^ 
fids BP, and theangle dac to the an^ ACi (Pr*p.i.) 
■ Sinee, therpfore, the right line AC iiiterfcfb the two 
right linek ad, bc, anfl nuke* the alternate angles equal 
to each other, thofe lines will be parallel {Prtf- iS.) 

But the line ad has been pMvsd to be equal (o the line 
^C \ confequently tbey are both equal and parallel. Q.E.D. 



PROP, XX3(. TsEOEfHf 

The oppofite fides and angles of any paralr 
Jelogram are equal to each other, and thg 
diagonal divides it into t«o equal pavtSf 



Let jV'CD ^ ■ parallelogram, whofc diagonal' ii' AC ) 
then will its oppoGte fides and angles be equal^to cadf 
other, 4nd thf diagonal ac lyjil divide it fifto two cqtai^i| 
parti. 

for, fmcc the fide ^d is parallel lo the fiA bc !I>ff. 
as.), and the right line AC jnterfe^ tiwir. tt>e » 
will b« equal to thealtiemBte angle ,*^ 

And, hpfaufe the. fide Dp ii| 
{Def. 2X.), and AC tntcrftas theft 
be equal to the alternate ^ngle CAI 

Sfncc, therefore, (ht two aoglpa 
fft thf two angfi" 



n. tbea) 



^ ^>». 
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angle ADC will alfo be equal co the imttitiiiiga^jfc 
{Prtf. 29. Cw.yaai the whole u^k das to rt^ ns^ 
■n^ DC&. ' 

But, the triangle CDA, ABC, bong auauaUr ec*Ja=- 
gular,.and having ac amunon. the fide sc viJ iJL te 
equal to the fide ab. and the Gdc as to the Sie bc, a=d 
the two triangles will be equal ia all refpem 'Pnf C : . 

li-S-D. 



PROP. XXXI. Thxoiim. 



Patallelogranas, and triangles, itaniLng 
upon the &me bafe, and between the fanm 
parallels, are equal to each odier. 




^ s AX, BD be tKQ pmDdogm B» ■ n. ~^tm ^.^ 

■ fsrae bare as, and beiveca the ^ax parjlkk ab. •■ ; 

■ then ^11 the panlldognni ax be equal ts Ar f\mlMl^ i 

Vjubk^WOfllvN: iD^/.ii.i, aad ox a. 
^Ij Wli ww a a ^ wOlbrc^aalwtbc 

W^^ei . . aad ox 





$Q ElEMfiNTS OF CrSOVATHY, 

« 

And, becaufe Ab is tqual to x>c (hy Hypf)t AC eom« 
snon to each of the tftianglei abc, A]>c« ifilEl the ang)e pc A 
equal to the angle c ab, tl)c iide 4D will alfe be equal to t)i» 
fide BP, and the-angifi dac to the asj^ Af;B (Pr$p^4.) 

Since, therefore, the right line AG interfeflt |he two 
fight linen AD, bc, an4 makes the alternate angles eqiia} 
to each other, thofe lines will be parallel {Br9p. S3.) 

But the line ad has been proved to be equal to the Hne 
yc I confequently they are bpth equal and earallel. Q.E.D* 

■ • . ' • ■ .? 

PROP, XX3f . Theorem? 

The oppofite fides and angles of any paralT 
Jelogram are equal to each other, and tfe^ 
diagonal divides it ioto two edual parts^ 




I,^ ^BCD ))e a parallelpgrani^ irhofe diagonal is' AC { 
^hen will itB oppofite fides and aiijgleS' J)e equalA<> eacl^ 
Other, ^d tb( (Ua^on^ AC \)rill ^4f^id^ i( \x^ nfo ec^^ 
parts. T 

For, fince the fide ^D is pinllc} tp th^ A4 BC {J)ef^ 
f2.), and the right line Aa inVfrbSk ihfiii, the ^gle pac 
lirill be equal to the gtt^nmtte aogle ACB {Pf^ ?4.^> 

And, bp(:9ufe A^^de BP m pUf^mtc ibfi M^ An 
{Def. 22.), and AC iiHerfofts them, tbe ap^e pCA will 
be equal to ^he alternate fU|fl^eA9(/'r!q^ ^4.) . '■ ^ 

Sfnce, therefoire, |hQ twoapgl^ dac, dca, are equal 
^p thp two angles ACB, CAB, «ich to f^ ^ fem^ioing 
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Mgle ADC' Will alfo be equal to the remaining angle j^bc 
{Prof^ ^Q.^C^r*}* an^ the wholje angle dab to the whole 

. But, the triang]^' cda.abc, being mutually equian- 
gular, and having ac common, the fide dc will alfo be 
equal to the fide AB, and the fide ad to the fide BC» and 
the two triangles will be equal in all refpe^h {Prop 2 1 .) 

Q.E.D- 



PROP. XXXI. Theorem. 

.-..JPaKallelogxfims, and triangles, ftanding 
.iipon jQie fame bafe^ and between the fam^ 
paraUela^ are equal to each other. 




:. Let >AB,. BD be twgt pandlelograms ib|ndtng. upon the 
.' Ifltmebafe AS, and 1)etweeQ t^ fame parallels ab, de; 
> attn tnU the pirallelograiQ; At be eq)ial to the parallelo- 
gram BD. 

' For, fince A]):i«:4)aiiJb:L^o b.c [Def.n^.)^ and de in- 

lerfe€|ia.|het|i, ^i^p^war^ aiigle ecb will be equal to the 

inwar4 op^cKUe angle f DA^(Pr^. ^.) 

- i Aod^.bec^Uf^ A j^rii parallel to Br& [Def. 2^.)^ and 0£ 

. iiuerrefii:ihein» tbe loutwafd: s^gle afd will be equal to 

£hc inward oppofifc ?ng4p B;fi<< {Pj^- ^^4 
. :■■ Since, theref<HPe» tfa^^ angle SCB is equal to the angle 
:..f JOAn.md tl^ ^oigl^ Af P tp.the angle BE C» the remaining 
v'.'> • D4 . angle 



$Q EtEMfiNTS Of CrSOVATHY, 

« 

And, becaufe Ab is tqual to x>c (hy Hypf)t AC eom« 
snon to each of the tftianglei abc, ai>c« and the ang)e DC A 
equal to the angle c ab, tl)c iide 4D will alfe be equal to t)i» 
fide Bp^ and the-angl^B D AC to the asj^ Af;B (Pr$p* 4.) 

Since, therefore, the right line AG interfeflt l^he two 
fight linen AD, bc, an4 makes the alternate angles eqiia} 
to each other, thofe lines will be parallel {Pfyp. 23.) . 

But the line ad has been proved to be equal to the Hne 
yc { confequently they are bpth equal and earallel. Q.E.D* 

PROP, XX3f. Theorem? 

The oppofite fides and angles of any paralT 
lelogram are equal to each other, and tUfX^ 
diagonal divides it into two edual pa^^ 




][<et ^BCD ))e a parallelpgranii irhofe diagonal is' AC { 
^hen will it» oppofite fides and ai^les>i)e equal ti^ eacl^ 
Other, ^d thf (lia^on^ AC y^^iX ^4v^idc i( fi|(o two e^d\ 
parts, 7 

For, fince the fide ad is pinHIc) tp th^ A4 BC (fief^ 
92.), and the right line AC MitM#^l|||]|i, the ^le pac 
will be equal to the 4h^nm9te stogie acB {Pf^ 24^} 

And, bp(:9ufe A^^de BP n plfidH to th^ (i<ip A9 
{Def. 22.), and AC inUrfi^ them, the ap^e pCh will 
be equal to ^he alternate fuifl^ eAB (/'rq^ ^4.) < '^ 

Sfnce, therefoire, |hQ twoangl^ j>aC| DpA» are equal 
%p thp two angles ac», c ab^ «ich po ^pclh ^ ftnm^ng 



»- t .. 
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Single ADC' will alfo be equal to the remaining angle j^bc 
{Prof^ 29. ^Cor^ym^ the whoi/e angle dab to the whole 
aiigle dcBm. * 

. But, the triang]^' cpA, abc, being mutually equian- 
gular, «and having ac common, the fide dc will alfo be 
equal to the fide AB, and .the fide ad to the fide bc, and 
the two triangles will be equal in all refj>e£ls {Prop 2 1 .) 

Q.E.D. 



PROP. XXXI. Theorem. 

J .. .^arallelogxfims^ and triangles, .ftanding 
.)jpon jQie fame bafe^^ and between the fam^ 
parallel?^ are equal to each other. 




•..Let AB, .BD brtwgtparallelognKmfi ib|ndipg, upon the 
.' Ifltmebafe AS, and between t^ fame parallels ab, de ; 
>thbi tnU the pirallelograiQ; At be eqpal to ihe parallelo^ 

gram bd. 

' For, fitoce AitiiK^wilplio AC {De/r22.)^ and de in- 

CerfeQilhem, th^piil^ar^d aiigle ecb will be equal to the 

inwar4op^<KUe angle FDA.(P/^- ^.0 

^. / Aq^ .bec^Uf^ Aj^rift p^lel to Br& {JDef. 2^.)^ and 0£ 

. inteifei^tbcm, tbe loutwafd: s^igle afo will be equal to 

the inwardoppofit^ ^Ogip »;^<j (JP/^« ^^*} 
. jSince, therefcHPe, tjbt^ angle scb is equal to the angle 
: ...f JOAn.md tl^ ;mgle AJB to.the angle bec» the remaining 

D4 angle 



^ ' y 



$8 EL£MfiKTS Of OSOH^TRT, 

« 

And, becaufe Ab is tqual to x>c (hy Hyf^\ AC com* 
snon to each of the tftianglei abc, ai>C« anid the ang)e pc A 
equal to the angle c ab, tl^c iide 4D will alfe be equal to ijaa 
fide Bp, and theangini D AC to the asj^ Af;B {Pr^p. 4.) 

Since, therefore, the right line AG interfeflt the two 
fight linen AD, bc, an4 niaket the alternate angles eqiia} 
to each other, thofe lines will be parallel {Bnp* 2S.) 

But the line ad has been ph>ved to be equal to the HnC 
yc ; confequently they are bpth equal and earallel. Q.E.D* 



PROP. XX3(. TiiEQRFM? 

The oppofite fides and angles of any paralT 
Jelogram are equal to each other, and tji^ 
diagonal divides it into two edual parts^ 







\^ ^BCD ))e a parallelpgrani^ irhofe diagonal is' AC { 
^hen will itB oppofite fides and angles. be eqiialA<> eacH 
Other, ^d thf (liagon^ AC \jrill ^4fvide i( \x^ tifo c<jua| 
parts. T 

For, fince the 0de ad is pirsllc) tp th^ A4 BC {J>ef^ 
f2.), and the right line Aa mtMfAilhlili, tbe ;|0gle pAC 
lirill be equal to the gh^nrntte stogie acB {Pf^ ?4^> 

And, bi^aufe A^^de Bp k jmniH u> ibfi (i<ip At 
(Def. ^2.)> ^^ ^f^ imeift^U tbem, tbe angle pCA wii\ 
W equal to ^he alternate fuifl^ eA9 (/'rq^ ^4.) •' ^ 

Since, thenefofftt ^ twoapgl^ dac, pca, are equal 
tp Jhp two angles acb, cab, «ich to ^ipcl^ rt»c fenHiuing 
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9hgle APP' Will alfo be equal to the remaining angle j^bc 
{Prop^ Z^.Cor^yxa^ the wiio|je angle dab to. the whole 

a?|gle DCBv - '.. 

. Buty the triang]^»cpA,-ABCy being mutually equian- 
gular, and having AC common, the fide dc will alfo be 
equal tdrthe fide AB, and .the fide ad to the fide BC» and 
the two triangles will be equal in all refpe£ls {Prop 2 1 .) 

Q.E.D. 



PROP. XXXI. Theorem. 






f-.^iP^ialJelogxfims,. and triangles, .ftanding 
.iiponi^e fame bafe^ and between the fam^ 
parallel?^ are equal to each other. 




: /.Let A^,..Bi>.be'twQ|>aiaIlelognKni6 ib|nd!p^ upon the 
ianebafeAB, and /between t^ fame parallels ab, de; 
thfcn ^nU the pirallelograiQ; Am be eqpal to the parallelo^ 
gram bd. 

For^ fince Aftii^jiaiiJhsL^o B.c (*/)y.-je^.)^ and 0E in- 

Cerfe3t.lhet|i, 4|Rii>¥fi)^i^ ^gk ^^P ^|U ^ equal to the 
inwar4op^(^.te angle FDA;(Pr^. £^.} 
. i|lnd« .beqauf^ ArP::ii p^raUd to Br& (i?^. 22.),^ and 0£ 
interiiei^ibcm, tbe ioutw9fd/jSi9gle afd will be equal to 
£he inward:Qpporilc ^ngip j|^ {P^ ^^•^) 

:-. Since, therefore^ |J% angle bcb is equal to the angle 
.£J>A«.9ild tl^^J^k AJP tp.the angle BE c» the remaining 
•."> • D4 angle 



angje CBE jyiU bp equal, to the yfmaining apglc .94 f 
(Prof^aOi. On I.) ' 

But the fide ad is alfo equal to the fide Bp (J?r;^.. 31.J 2 
confequeqi))% fipce the tyi^iqgle? ^d?, bce ^re mutually 
equiangular, jmd have two qpxrqfponding fides equal tQ 
pach oth^r, they will be equal in alj refpeSs (JPrP^*. 2 1 .) 

If, theri^fore, from the whole figure abed, th.er(e be 
taken thie triangle bce, there will remain the parallelpgran; 
Bp J 4nd if, from the fame figure, there bjB taken the tri- 
angle ADF, there wijl rerpain the parallelogram ^e. 

But if equal things be takiQp from, th? fame thing, the 
remainders will be equal ;* confequeritly, the paf allelogiani 
AE is equal to the par.allelogram ^d, . 

Again, let ABC, abf be two triangles, ftandipg Upoi^ 
fbe ikme bafe ab, and.betweea the fame parallel^, Al^ 
CF ; then will the tjriar\gle i^^^ ^e equal to the trianglf 

ABF, 

For produce CF, both w?ys, to p ajid e, and draw ad 
parallel to Bp, and bb to AT (-Pr^. 2?.) 

Then, fince bd,ae, an& two parallelograms, ftanding 
upon the fame bafe ab, ^d betwj^en the fame parallels 
A^, de, they, are equal to e^ch otTier (-P^^. S2.)^ 

And, becaufe the? di^goi^als AC, ^f bifcfl theip {Prop^ 
51.), the triangje a?c will ^fo be equal to the triancl^ 
abf.- Q.E.D. 



<i 



PROP. 



/ 
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if a right line interfeft t^^o parallel right 
lines, th^ outward angle will b^^e^^nl to the 
inward oppofite one, on the fame fide ; and 
fhe two Inward ahgles^ on the fattie (ide, will 
be equal to t^d right angles. 




Lei Ihe right line ef inlerfeft the twd jJaratllcl right 
AIJ, CD ; then will the outward angle egb be equal 
to the inttrard opjpofite angle gHd ; and the two inward 
idlglei ioH, CHD will 6^ equ^ to two right singles 

For, fenci thtf rf^ lihe it interfefti the two parallel 
H{^ linei ab, cd, the angle AOH will be e^ual to the 
alt^hntie angtii GAD {Prdp. £4;) 

Bat ite ah^e ach i« elqiial to the oppofite kngtei egb 
(Pr$p. 15.) ; therefore the angle egb Will, alfo, be equal 
io tii^ aii^Ie Gfi0. 

A^ri^ fihce the right lin^ BG falls upon the right line 
kf^ the angles egb, bgh, taken together, are equal to 
t#d H^ angles {Prifp. IsO 

AA thit angle £Gb hu been (hewn to be equal to the 

XT : » 

tdigw (I^Hjbj thiSt^Core, ttt^ angles boh, Gi^b, taken toge- 
Xhtri Willi a^fo, be equal to two right angies. Q. £. D. 

^ COROLL% 



4^ ELEMENTS. OF GEOMETRT, 

PROP. XXXIII. Problem. 

Ta make a parallelogram that (hall have 
its oppofite fides equal to two given right 
lines, and one of its angles equal to a givei) 



A. B C 



Let AB and C be two given right lines, and D a giveq 
reQilineal angle ; it is required tamake a parallelogram 
that {faall have its oppofite Sdes equal to AB and c, and 
one of iti angles equal to d. 

" Ad the point a, in the line ab, make the angle B A# 
equal to the angle d {Prof. 20.) and the fide AF cqjual 
toe (Prtp.S.) 

' Alfo, make r JE parallel and equal to ab {Prop. 28 and 
S.), and join B£ ; then will a£ be the parallelogram re<.> 
quired. ' 

' For, finee fe is pandlel «nd equal to ab {iyC$nft.\ 
BE will be parallel and equal to af [Prof* dO.); whence 
the figiir^ Ak is a parallelogram. ' 

' And, becaufe af is equal to c (^f Con/l.) BE will alfo 
be equal to t*; and the angle baf inm made equal to the 
togle D. * '-. 

The oppofite fides of 'the parallelogram AE-are, there* 
fore, equal to the two given lines ab and c ; and one 
of its angles is equal to the given angle d, as was to be 
done. " 

PROP, 
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PROP. XXXIV. Theorem, 

I • 

If two fides of a triangle be bifefted, the 
fight line joining the points of bife6tion, will 
be parallel to the bgfe, and ec^n^l tQ one half 
pf it. 




Let ABC be a triangle, whofe fides c a, cb are bifefied 
jsii the points D, £ \ tj^en will tbe ri^t line dz, joining 
thofe points, be parallel to ab, and equal to one half of it. 

For, in p^ produfsed, t^ke sf equal to ed {Prop. S.), 
and join BF r • , 

Then^ fince BC is equal to bb {iy Hyp*) bd to ef 

[hy ConftJ) and the angle 0££ to the angle bbf {Prop* 15.), 

.ttjeiidp BF will alfo be equal to the. fide mc^ or iu equal 

DA, and the angle efb to the angle edc (Pr9/.4.) 

< And, bec^fjp th^ right lind; j)^ jmerfe£U.th(» two right 

^eS' cp; FB,. and makes the angle bd^ ^eqiial to the 

jalternate angle EFB^ bf will be parallel ^p DC or DA 

, The right lipes bf, ad, tWefore, being equal and 
parallel, the .lines D^, ab, jcHning their extremes, will 
alfa be lequi^iBnd parallel {Pjt^ySQ,) v 

But DF is the double of db [kyConfi,)^ confequently 
f^^ if^rp the double of db « that is db is the half of ab . 

PROP, 



P R Q Bj XXXV, PRO»tBM, 

:f o id^vide a given fipite right line into any 



r 
f ■- -V ' • 

t ' - « • 




Let AB be the given right line; it is required to dIvi4o 
it into a certain propofed number of equal parts. 
' Fmm the point a, draw any right Hne ac, in vhicl^ 
t^e thf e^al parts. AB« ix£, £C, at pleafure, (iV^. Snjt 
to. the number pro{K>^« 

. Joiti BC^ and parallel tboreta dfdyi the nglu lines j^y^ 
X)G, {Prop. £8.) cutting ab, in f and G ; thea will Ah 
he .divided fQto the £^n)e number of equal partA wi^h ac, 
^ wa« required* 

¥f}r take £H, CK, each ^qu^I to j>g .(JPr^^ 3.)« and 
join Dy ii and £, K. 

Then, 'fince dg ii parallel to. Er {iy CoMfi.\ and ab 
fnter(iB6b them, the outward angle adg will be equal to 
the iaward oppofite angle d£H {Prop. £5.) 

And, be'caufe the fides ad, dg of the triangle Agd« 
are.equal to the fidea db, eh of the triangle due {by Confi.)^ 
and the angle adg is equal to the angle deh, the bafe ACf;. 
will alfo be equal to the b^kfe dh, and the^angle dag ta 
the angle edh iProp. 4.) 

But, fmce the right line ae interfe£U the two right 

lines, AG, DH, and makes the outward angle edii equal 

9 i% 



• iBdOK -tlftii iPIftB^T. 



r 



u 



to the inward oppofite angle dag, dh will be parallel to 
AG or GF (Prop. 23.) 

And» in the fame j^anniir &Tiiytic Ihown, that £K is 
equal to AG, and parallel to AG or fb. 

The figures ^jij FK,jthcyfpr|, .being-^parallelograms, 
the fide dh will be equal to the fide gf, and the fide ek. 
ifethefldeFB {Prop.SUl /-:-•: . - :Ji :. .: 

But DH, £K have been each proved to be equil to a^') 
confequently gf, FBaje« alFo, each equal to AG; whence 
the line AB is divided into the fenle number of equal parts 
with jie, k m% to Wdohe. 
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And, becaufe ab is tqual to x>c (by Ryf^\ AC com* 
facm to each of tbe tpianglei abc, ai>c» anil the ang}e pc^ 
equal to the angle c ab, t^c iide 4D will alfo be equal to ^ 
fide HP, and the'ai^^ dac to the angle a^b {Pfp*4.) 

Since, ther^tfope, the right Ime ao imerfe^tt ^hetwo 
fight lineii ad, bC» anil maket tiie alteiitate angles eqiia) 
to each other, thofe lines will be parallel {Br^p. iS.) 

But the lii^e ad has been ptoved to be equal to the Hne 
yc ; confequently they are bpth equal and i>aral)el. Q.E.D. 

P R p P, XX3{. TuEQR^M? 

The oppofite (ides arid aingles df any paralT 
Jelogram are equal to each other, and t|3^ 
diagonal divides it into two'edu&l pai^^ 




][^t ^BCD )}e m parallelpgnun, whofe diagonal' is' ac| 
|hen will it» oppofite fides and ai^les»i)e «qutiiF*t0 cacl^ 
Other, ^d tb$ dia^on^ AC \)r^^4fVid? if, fi^fb ppp eoUa} 
parts. .1 

For, fince the fide /lD is politic} tQ th(s M( bc iPef^ 
f2.), and the right }sne Aa mtjirf^lhl^i, tlie MigleiUC 
i^ill be equal to tbe^h^i^miite aogle acb {Pf^ i?4^>'' 

And, b^paufe Ae^^de Bj? if pir»IH ^ ^ 'Mp A« 
{Def. 22.), and A« imiU&&$ thelD, the ap^c |»CA wil} 
be equal to ^he altenxM fwgk cab {Prjffkf^*) • ' ^ 

S|nce, theFeforet ^ two ap^ j>ac, Dp a» are equ^ 
t9 th? two angles ACB, CAB, Cfich to «pc^ ^ fei^^Dl^ 
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Aiigk ADP' will alfo be equal to the remaining angle abc 
{Prof, 29.^C^9},jai!Ji the wjiojye angle DAB to the whole 

aftgle DCBu '.. 

. But, the trlan^^' cpA, abc» being mutually equian- 
gular, <and having ac common, the fide dc will alfo be 
e^ual tor the fide ab, and .the fide ad to the fide bc» and 
^he two triangles will be equal in all refpefis {Prop 2 1 .) 

Q.E.D. 



PROP. XXXL Theorem. 



J - > ». 



f^.^P^callelogrfims, and triangles, .ftanding 
upoQ.tiie &.me bafe^ and between the fam^ 
paraUela^ are equal to each other. 




: . LetAB, .BD.be^twg^paiallelograms iUndip^ upon the 
lamebafe'AB, and /between t^ fame parallels ab, dc; 
thfcn KTiU the paraQelograiQ; Am be eqvial: to . libs parallelo^ 
gram bo. 

FoTf ilMte Aiti«;^i«iIbL^o B.c (%D^-j2^.)^and DE in. 
terfe^lhetii* 4KlU>¥(SHraFd a^gle ecb will be equal to the 
inward opp(^Jteangle'FDA^(JPfi^. 2^.} 
. AikU : bec0U{i^. ^Fjift /parallel tp u^ [Def. 2^.},^ and o £ 
iiiterfel^t: ibem, tlie i^tw^fd/iiiQgle afd will be equal to 
£he inward :oppo6le ^Ogjp #;^<J {Pi^- ^5^ 

:> Since, therefoce, tti^' angle bcb is equal to the angle 
.£l>Aft.9nd. t^imgl^ Af p to the angle BE c, the remaining 

D4 angle 



-' 1 *• 



^ ELEH^K'fS Of tmuMTar, 



PRO. p. XX,VIII. t«fOMM. 

' If one fidi0 Qi^ ^jkfiangl^,!^ parod^i?!^ jthe 
outward anglef IvriU b% ^^4 69 1^. twp^Hlf 
ward oppofite angles, taken together; and 
the three angled oT eyery triangle, taken to*? 
gether, are equal td tWq^right angles. 




■ /.tt .-i/ii 1- ' ji " • ■*. 



• , - • 

* ''tel ABC Ve'a irism^Ie, navlng one of lU fito ABTproM- 
duced to D ; then >\rill ijie oiitward angle ti'si Ve equj|{'\i& 

e two.ihwarq oppoufe angles bca, cab, taken ioge- 
iher ; and the'thriee ahgjtes bcAj^ ^'XB'aiid A^C, taken toi 
gather, are equal to two rigiit ^gjei. 
•' Fot through this pblttt B,Mra^ the Mght tint it pstfallel 
lo AC (ffdp.^S.) • . • ' • . ' ' 

Then, becaufe bjb is parallel to AC*, and CB triletti^^l 
ihem) the angU'cik will le «4Ual' to the alternate angle 
SCA [Prd^^'iL) '' / 

• Ahd beci\ife-8E^i)teffla'to AC, and Aplhtktftftl 

.them» the outward angle kbo Will be ^q\lial tCikt iJi^aro 
angle CAB (-Prd>/. ^5.) 

But the angles CB£, iSBD are equal tatbe whble aiigte 
CBD ; therefore the outward angle cbd Ts equal to tfiS 

^wo inward oppofite angles BCA, CAB taken together. 

AxkI 



And if, t(X tl^fe equals, . thecfr ie add^d the angle A3C, 
^ angles CBin^9$» (i^ken tqgelheF^: wiW ^ lequal lo. tbf 
three aji^ie&iBeiJ^ cab aad abc» taken together. 

But il}e an^Qs <lyi>, AB^e* t»ken.*together» are equal to 
two right artglet t (Pr<?/!. 1^.) ; confequently the three an- 
^b9 BCA.CAB ai^ ABC,, tiiken together, are alfo equi^ tq 
two right aiiglsQ&. 

Cp&oll. 1* If t'wo aogles'of one triaogle» bee^al 
ta twp angles of another^ each to each, the remaii^ing 
angles will alfo be equal. 

CoKOhLp 2, Any quadrilateral may be divided into 
two triangles; Aerefore all the four angles of fuch a 
^ure» taken together, are equal to four right angles. 



PROP. XXIX. Theorem. 

Right lines joining the correfponding ex- 
tremes of two equal and parallel right lines 
are themfelves equal and parallel. 




Let AB^i BC bellU*»qifal and parallel right lines; theri 
willthe-Hghi^nQS'A]^ i<^ wBtch join' the correfponding 
«3^r6«nes o|i tho^-UflMi; ht alfo equal- ind parallel. 

For dntw tb^ diagbad; or ri^ liiM Ac : 
, Then, becacifd. ab i« pA^ltri t<^ &C, and AC interfef^n 
(heofv, ihe an^e dca will j^ «qiia)'lo the ahernate angle 
^A^ {Pnf^M.} -^ . . . • ^ 

! "^ DS And, 



5$ £L£H£irfs oriiiitiusTaY, 



PRO p. XXVIII. t«fOMRl. 

• .*-■•■•.■. I • « - . J .. • i » • A 

• If one fid^ qI 8tJtriangk,fee>prodiuic;^jthe 

outward angle:ivrill b% ^.qaai ^9 ithje tW|0.,irt+ 

ward oppofite angles, taken together; and 

the three angl^i; of every trifcngle, taken to*? 

* gether, are equal tb t^ tight angles. 



• ■ • 
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let ABC Ve a triangle, liavlng one 01 it3 fito AB'piroi 
duced to D ; then >\rill ijie outward angle CB b be equ^to 
e two. ihward oppofite angles bca, cab, taken togc- 
t!ier ; and the" three angjtes bcA^ C'Xb and A:ftc, taken toi 
gether, are equal to tiArb rignt ^gle^. 
■' Fo^ through the poittt B, ^draW the Hght lin6 fik parallel 
fe AC (frdp.^s.) ' ' 

Then, becaufe bb is parallel to ac» and CB Tnterfd^k 
iheni) the angU'cik wHl hh ^4UaI id the alternate angle 
BCA '[Pr^.'i^.) ' 

' Ahi beciufe'8Eia^i)irafla'to AC, and Ap Ihtfcrftftl 
them, the outward an^le £bo Will be ^qtial id the idWaVi 

angle CAB (-Prd>/. ^50 

But the angles CB£, ebd are equal tatbe whble aiigte 
CBD; therefore the outward angle cbd is equal to t&i 

^wo inward oppofite angles BCA, CAB taken together. 
^ - ' * And 



$8 EtlMflNTS OF 680>r*TJlY, 

And, becaufe Ab is tqual to DC (iy Hyf^)% AC com* 
nioD to each of the tmanglei abc, i%i>c» anil the ang}e pc ^ 
equal to the angle cab, tl^c iide 4d will alfo be equal to^ 
fide HP, and the'anglfs dac to the angle ApB {Pr9p*4t.) 

Since, therefore, the right line AO interfe^B ^e two 
fight lineii ad, bc, ami maket tiie alternate angles equal 
to each other, thofe lines will be parallel {Br^p. iS.) 

But the line ad has been ptoved to be «qual to the Kne 
yc \ confequently iliey are bpth eaual and parallel. Q.E.D* 



PROP. XX3(. TuEQR^M? 

The oppofite (ides and angles of any paralT 
Jelogram are equal to each other, and tfep 
diagonal divides it into two edual parts^ 




\^ ^BCD )}e u parallelpgnun, vhofe diagonal is' AC } 
^en will itBOppofite fides and ai^les'be «qua('Jt<> cacl^ 
Other, ^d thp diagon^ AC \yiU 4fvide i$ fXf(o tw) e^ua| 
parts. T 

For, fince the fide AX> U politic} tQ th(s M( bc {Pef^ 
f2.), and the right line AC mtJsr&Ailhl«i, the MKgl« PAC 
^ill be equal to tbe^h^nrnBte aogle acb (Pf^* ^4f-} 

And, b^paufe tlie-fide j>p if ji^^l to tb^ (i4l^ A^ 
{Def. ^2.), and A0 mu6A$ thelD, the apglc pCA wil) 
be equal to ^he alternate fmgk CAB (Prih ^^*) 

S|nce, therefo|re» ^ two aii^^ d AC, dc a, are equal 
ip thp two angles ACB, CAB, e^ch to ^ac^ ^ fefi|9ining 
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Angle A DP' will alfo be equal to the remaining angle abc 
{Prof, ^9.^Cdr.)»an^ the vfho]^ angle dab to the whole 
ai!(gle DCBu * 

. But, the triangle* cpA, -abc» being mutually equian- 
gular»«and having AC common, the fide DC will alfo be 
equal tortfae fide AB, and .the fide ad to the fide bc» and 
the two triangles will be equal in all refpefis {Prop 2 1 .) 

Q.E.D. 



PROP. XXXI. Theorem, 



» - #■ • 



^f^^JPacalJelogxfims, and triangles, .ftanding 
. upon iiie fame bafe^ and between the fam^ 
paraUek^ are equal to each other. 




: . Let AS, .Bi).be twg^lKVallelograms ib|ndin^ upon the 
.' IsuQebafe A8, and between t^ fame p«iralleli| ab, oc; 
>thfcn KTiU the paraQelogiam Am be eqpal to (hie parallelo- 

gram bo. 
'. For, itote Aiti«;^i«iIbLto B.C {Defrii2.)^ and de in- 

terfe^lhetp* ^IR[l>¥(waFd a^gle ecb will be equal to the 

inward opjtofijte angle FDA:;(P^ ^.0 

^ . And« :.bec0uf<ft AFjii j)«^ji|llel tp 9S [Def. 2^.}». and o £ 

. imerfel^iL them, ibe loutw^fd* single afd will be equal to 

£he inward oppoOtc ^Og!^ 9^ (JP/^« ^^•^) 

-Since, therefore, tahl^ angle bob is equal to the angle 

; ...f J>Aii,»nd t^ a»glQ AFP to the angle BBC, the remaining 

• D4 angle 
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$8 ELEM«NTS OF GSOJif&TltYt 

And, becaufe Ab is tqual to DC (by Byff\ AC com* 
nian to each of the tmanglei abc, ai>c» mA the ang}e pc ^ 
equal to the angle cab, tl^ciide 4D will alfo be equal to^ 
fide HP, and the'anglfs dac to the angle a^b {Pfp*4.) 

Since, therefore, the right line AO iiiterfe£tB $he two 
fight lineii ad, bC^ ami maket tiie alternate angles equa) 
to each other, thofe lines will be parallel {Bftp* 23.} 

But the lii^e ad has been proved to be equal to the Kne 
yc ; confequently they are bpth eaual and i>aral)el. Q.E.D* 



PROP, XX3(. TuEQRpMf 

The oppofite (ides and angles of any paralT 
Jelogram are equal to each other, and tfe? 
diagonal divides it into two edual parts^ 




][^t ^BCD |>e u parallelpgnun, irhofe diagonal is' Ac } 
then will it» oppofite fides and su^leS'be «qua(jt<> each 
Other, ^d tb$ (Usigonal AC \)rill 4fvide i$ fXf(o t>fo eaua| 
parts. 7 

For, fince the fide ^d is politic} tQ th(s M( bc {J>ef^ 
f2.), and the right line ac intjsrfieAilhl^i, llie Jiagle pac 
^ill be equal to tbe^h^l^rniite aogle ACB (Pi^ ^if*) 

And, bl^aufe tll^^de hU w ftf^HH to ibfi ^4t^ A^ 
{Def. 22.), and A0 imerftfts thelD, the apglc pCA wil) 
be equal to ^ alternate fmgk CAB (/'r^^ ^4.) 

S^nce, therefo|r€» ^ two aoglfs dac, DpA, are eqmil 
^ thf two angles ACB, CAB, esich to ^s^ ^ remaining 



- « t 
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Aiigle ADO' will alfo be equal to the remaining angle abc 
{Prop^ ^^.Cor^yim^ the whoj^e angle dab to the whole 
ai^le DCBu ' 

. But, the triang]^' CD a, abc, being mutually equian- 
gular, .and having AC common, the fide dc will alfo be 
equal tatfae fide AB, and the fide ad to the fide bc, and 
the two triangles will be equal in all refpe£ls {Prop 2 1 .) 

Q.E.D. 



PROP. XXXI. Theorem. 

j..,iPacalJelogxfims, and triangles, ftanding 
.upon iiie fame bafe^ and between the fam^ 
paralleb^ are equal to each other. 




AB, BD be twg^ parallelograms i^ndtng. upon the 
.' lamebafe A8» and between t^ fame p«iralleli| ab» dc; 
'« thfcn wiU the paraQelograi^ Am be eqpal to lihe parallelo- 

gram bd. 

For^ itote Alt 'HipH9i\plto AC {De/r 22.)^ and de in. 

terfe^lhetiif ^lR[l>M[W9Fd aiigle ecb will be equal to the 

inward op^ci^jte angle FpA.(JPfi^. 24.} 
^ / And* : becguCft Ajr?ii jKyiillel to uf, [Def. 2^.},,. and o £ 

imerfei^them* tbe ioutW9f4 single AFD.will be equal to 

£he inward oppofite ^t)g|p 9^ (i?/«i^« 25.^) 
. Since, therefoccy tlKr, angle bcb is equal to the angle 
;. .f I>A» .9nd t^ jmgle Af p tp.the angle B EC, the remaining 

*. 1 • D 4 . angle 



^0 ELEMEl^TS 9^ GI^OMETIIY, 

angje CB£ ^U h^ .^^^^ ^9 the ^^maining <^i^le .P4y 
(iPrt?^^i3a. Con I.) . . 

But the fide ad is alfo equal to the fide Bp {PKpf.' ^^O i 
confe,quer^%» fince the tyi^u^le^^p?, bce ^re mutually 
equiangular, ^d liav<e two cpxrefppnding fides equal tcf 
pach other, they wilj be equal in aJJ refpefts (Pr<?^. 21.) 

If, thpri^fore, from the whole fi^\ire a bed, therjc b^ 
taken th^ triangle bCe, there will remaiathe parallelpgran; 
Bp ; 4nd if, from the fame figure, there be taken the tri- 
angle ADF, there wijl rerpain the parallelogram ae. 

But if equal things be taki^O frpin. th? fapie thing, the 
remainders win be equal ;' confequeritly, the pafallelograni 
AB is equal to the parallelogram 5D. . 

Again, let abc, abt be two triangles, ftandipg Upon 
the &me bife AB, and.betweeo the fame parallelf, a^ 
cr ; then will the tfi^j[le ^^^9 jje equal to the trianglff 

ABF. 

For produce CF, both ^^ys, to D z^d E, and draw ad 
parallel to Bp, and br to AF {^riff. 2?.) 

Then, fince bd,ae, aner two pa^llelograms, (landing 
tipon the fame bafe ab, ^d belwjfen the fame parallels 
A^, D£, they, are equaJ to ej^ch otTier (-P^^. 32.^ 

And, becaufe the diagonals AC, ^f bifefl theip (Profit 
Si.)^ the tnang)e a^c will 9lf0.be equal to the trianffl^^ 

ABF.- Q.£.0, 



PROP, 
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PROP. XXXII. Theorem. 

f 

1 , ... ■ , . ■ 

If ft pi^aUeilpgTjiia aad ^ triangl^ fiajMi. 
I^po^ Ibe /ajQpie bM*^* a«d .between: tit^ fiun» 
parallels, the p^rt^llelograni \^iU;]i(^'4!Buh}f 
^he triangle. 




. i^^ tbi; p^i\}l^og(a^ AP ai\4 ^ irmgk am.AiiimI 

^pon the fame bafe AB, and . ^oty^coiis th$ £uKi9 pacaU^ 
A^, D^;.tbcn .wtUr tl^e .p^leljqgr^ AC |p^. daubk-the 
jtrianglcAER. 

For join the points B, D ; then will the pacfiUdipgraa 
AC be double the mangle ajxb^ biecatjfe the.iiiagcuul .J3B 
|dtvides it into Jt'tf a equal .parts (Pn^. i^ I .) 

But the triangle adb is equal to the triangle akj; bi^ 
f au^e they fiand i^xnp the "ianse bale A;B, and between ithe 
fame parallels a§, de (JPrtf. 3^.) ; whence tt|ie paraliekb^ 
gram AC is alfo double the triangle A^i. (^E.i3f« 

CoROXL. IS the bafe of the parallelogram W half that 
pi the triangle, or. the bafe of the triangle bq doublip 
that of the parallelogram, the two figures will be .equal ig 

ieacbp{b(yr« , - 
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At ELEMENTS. OF GEOMITUT, 

PROP, XXXIII. Problem. 

Ta make a parallelogram that (hall have 
its oppofite fides equal to two given right 
lines, and one of its angles equal to a givei) 
^£lalineal angle. 




mm 




Let AB and c be two given right lines, and D a giveq 
re£lilineal angle ; it is required tamake a parallelogram 
that Ihall have its opiK){ite fides equal to AB and c, and 
one of its angles «qual to o. 

* At the point a, in the line ab, make the angle B Ai^ 
equal to the an^le d {Prof. 20.) and the Cde af eqjual 
toe (Pr^.S.)' 

■■ Alfo, make ft parallel and equal to ab {Prop. 28 and 
S.), and join BE ; then will a£ be the parallelogram re* 
quired. ' 

- For, fincei fe is parallel and equal to AB {byG0nfi,\ 

• 

Bi win be parallel and equal to af [Prop. SO.]; whence 
the figiird Ak is a parallelogram. 

' And, becaufe af is equal to c (^ Copi/I.) BE will alfo 
be equal to ic'; and the angle baf was made equal to the 
tingle D. ' ^ 

The oppofite fides of *the parallelogram ae are, there- 
fore, equal to the two given lines AB and c ; and one 
of its angles is equal to the given angle d, as was to be 
dpoe, 

PROP, 
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PROP. XXXiV. Theorem, 

If two fides of a triangle be bifefted, the 
fright line joining the points of bife6Hon, will 
jbe parallel to the bofe^ and ecjual tQ on^ half 
pf it. 




Let ABC be a triangle, whofe fides C A, CB ace bifefied 
ki the points o, £ | ^en will the ri^t line d^ joining 
thofe points, be parallel to ab, and equal to one half of It. 

For, in pj^ produf:e4» t^ sr equal to so {Prop* $.), 
and join BF r • 

Then^ fince BC is equal to BB {iy Hyp-) bd to ef 
{by Conjl.) and the angle dec to the angle bbf (P^« l^O* 
ti|eiidp BF ii^illalfobc equal to the. fide dc^ or ks equal 
DA, and the angle efb to the angle bdc (Pr9/.4.) 
V And, bec^^tiP th^ right lin^ip^ jimerfe£ls.th(» tyro right 
iineS' cd; fb,. and makes the .angle BDp eqiiaL to the 
jalternate angle EFB^ BF will be parallel fq pc or DA 
(/>r^, 24,) . t; . ^ ; ' ,.;/ ' ' . . 

t The right lipes bf, ad, tlierefore, btog equal and 
parallel, the .lines d^, ab, joining their extremes^ will 
alfa be equ^jind parallel {Pjt^^^O,) * 

But DF is the double of ii'8. [if,yC^ft,)i confequently 
f^^ if^lfo the dauble of DB , that is db is the half of ab . 

PROP, 



4^ XI,BM£NT$ Of OEOJ^ETBY, 



P R 9 B, XXXV, Problem, 

> 

'J^o idjvide a giv^n finite right lio9 into any 
propojfed ijui»hef pf equal p^ts, 
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Let AB be the given right line; it is required to divicio 
it into a certain propofed number of equal parts. 
' Fcooi the point a, draw any rigbt Hne ac, in whicl> 
take th^ e^al parts 4D, a£, £C, at pleafure, (Prop, 5,) 
to. the number pro|io^f 

. Joiq BC^ and pacaUel thoreto diTaw th^ right lines $f« 
DG, {Prop. 2S,) cutting ab, in f and G ; then will AB 
be .divided jcito the fytr» number of equal parta with ac, 
4S /iysi« required* 

Fpr take XH, ck> each ^qu^l to dg {Pnp. ^.)* ^^ 
join D9M and £, K. 

■Then, 'fiftce dg ii parallel to ef {6y Confi.)^ and ae 
inter Cofla them, the outward angle adg wiU be e(jual to 
the inward oppofite angle d£H {Prop. 25.) 

And, be'caufe the fides AD, dg of the triaugle Agd« 
are.equal to the fides db, eh of the triangle due (byConfi.)^ 
and the angle aog is equal to the angle oeh, the bafe ag. 
will alfo be equal to the b^ife dh, and the^angle dag to 
the angle edh {Prop. 4,) 

But, fince the right line ae interfe£lft the two right 

lines, AG, Dii, and makes the outward angle edh equal 

9 UK 



. iBOtfK ^ir» MttBT. 



f 



U 

to the inward oppofite angle dag, dh will be parallel to 
AG or GF {Prop. 23.) 

And, in the fame ijbann^ir ftnf^Ue ihown, that £K it 
equal to AG, and parallel to ag or fb. 

The figures 9JHiFK,jthe^fj>r|,. being parallelograms, 
the fide DH will be equal to thefide gf, and the fide £K 
ife the fide fb lRr^.3l.\ /, ^ [ » . . Li /. ,i 

But DH, £K have been each proved to be equil to f^ia'^ 
confequently gf, FBa,re^ alFo, each equal to AG; whence 
the line ab is divided into the&sie number of equal parts 
irith lie, it ^trts to W done. 
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£t£M£Nt$ Qtf GEOMSTitt^ 
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DEFINITIONS* 

1* A re£btngle ia a parallelograniwliofe angles are t^ 



.* !«■ 



Mm 



V 



^^ A fquare ii a re&ang|^ whofe fides are all equal ta 
each other. 




S. Every reflangle is fain to be'cofttained by any two 
of the right lines which contain one of the right angles. 



%MM 



4* If two right lines be drawn thrcmgh aify point in 
flie Sagmti ^d a par2d:Ielograni» paiirilel to its oppofite 
fides, the figures which are interfeCled by the diagons^ so-e 
caRcd pandlelograms about ib^ diagonah 





1 


!••••••• 


"^^ 



6^ And die other two parallelograms, t^hich are hot 
interfered by the diagonal, are called complements tothe^ 
pandlelogfams which are about the diagonal. 



V... 
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6. In every parallelogram, either of the two paralldo-* 
grams about the diagonal, 'together with the two comple* 
m<;nti, is calljcd a gnomon. 



^: 



' J !• ^ 



7. The, altitude pf anyfgure: is a perpendicular drawn 
from the vertical angle to the bafe. ',) > .^v r 



PROP. I Problem. 



Upon a given right line to defcribe a fquare. 




^ Let AB be the given right line ; i% is required to defcribe 
ia fquare upon it. . 

Make AD, BC.'each peiprndicular and equal to ab 
(I. 11 and 3,), and join DC; then will AC be the fquare 
required. 

For, fince the angles dab, abc are right angles (iy 
Cohfu), ad will be parallel to BC (1. ^H Cafr.) 
' And becatife ad, bc are equal and parallel, ab, DC 
will, alfo, be equal and parallel (I. SO.) 

But AD, BC are each equal to ab {byConft.) ; whence 
AD, AB, BC and CD are all equal to each other. 

The 



" '"^6 figure Ac. thWefciri/i^dh equilatefai parkireldgtyfejr 
iii*^it!iag/llte'\Vlft/aIHt8 angles Hg 

For the angle I)ab i^ equal f<5 thi* angl^ ici; atid thtf 
angle abc to the angle adc (L 30*) ' 

But .the angles dab, abc are right afigle$ (hy Conff.) i 
confeqiiently the angles ocb, At>c are, alfo, right angles. 
i Tte ipk¥t Ae, tkdrefol^i' btf hg bdth ^qtiHiieAJ and 
feSangular, is a fquare j- HAd-k k dte&ribed il]^<^il i\i^ litiii 
ab, ad was to be done* 

P R d f . If. "Theorem; 

Ile6iangles and Squares contained undet 
equal lines are equal to each other. 





Let bd» fh be two re£langtes. Having £he fides ab, bc 
equal to the fides Ef^ fg, eacb to each; then will the' 
ce£bmgie bd bei equal to thef refbingle Fh. 

For draw the diagonals ac» eg t 
^ 'thea, finC6 the tn^o fidej ab» ftC ar^ equj to ihe twor 
Cides tFi fg^ eachtoeach (hf ti]fi)i and the angle b li 
equal to the angle f (I. 8.), tbe triangle abc wtH be equajf 
to the triangle £FG (1. 4.) 

But the diagonal of every parallelogram divideir it into' 

two equal puts (I^ 30.) ; whence the halves being eqiiaj,' 

the wholes will alfo be equal* 

. The refiangle bd is, therefore^ equal to the refiangle 

F H ; and in the fame manner it may be proved when the 

figures are fquares. Q/E^D^ 
* PROP. 
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PROP- III. TifEOREM. 

The fides and diagonals of equal fquares 

• m 

we 6qudl to each other. 





Let BDv FH, be two equal fquare^i^ then will the fide 
AB be equal to the iide bf, and the dis^onal AC to th« 
diagonal EG. 

For if AB, EF be not equal, one of thcih inull be 
^aterthan the other ; let ab be the grater, and maki 
BJL, BK each equal to ef or fg (I. S.) ; and join LK. . 

Then, becanfe bl is equal to ifi, Bk to FG, andHhe 
lingle XBK to the angle efg, being each of them rigitt 
angles, the triangle BLK wiB be equal to the* triafigte 
TEG (I. 4.) 

But the triangle feg is equal to the triangle bag, be- 
ing each of them the halves of the equal fquares fm, bd 
(I. SO.) ; whence the triangle blk is alfo equal to the 
triangle bag, the lefs to the greater, which is abfurd. 

The fide ab, therefore is not greater than the fide £f ; 
and in the fame manner it may be proved that it cannot 
be lefs ; confequently they are equal to eaclvother. 

And becaufe ab is equal to EF, BC to fg, and the 
angle abc to the angle efg (1. 8.), the fide AC will alfo 
be equal to^hc fide t.o (1. 4.) ' ' Q. E. D. 



PROP, 
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PROP. IV. Theorem. 



V J 



The fquare of a greater line is greater than 
the fquare of a lefs ; and the greater fquare 
has the greater fide. 



y H e 

00 



Let the right line ab be greater than the right line £F ; 
then will bd, the fquare of ab, be greater than FU, the 
fquare of Er. 

.. -for fince ab is greater than ef, and bc than fg {hj 
JHyp»)% take bk, a part of ba, equal to ef, and bl, a 
part of BC, equal to fg (I. S») ; and join kl. 

Then, becaufe bk is equal to fe, bl to fg, and the 
angle rbl to the angle efg (1. 8.}, the triangle blk will 
be equal to the triangle fge (I. 4.) 

But the triangle bca is greater than the triangle blk, 
whence it is alfo greater than the triangle fge. 

And fince the fquare bd is double the triangle bca, 
and the fquare fh is double the triangle fge (I. 30.), the 
fquare bd will alfo be greater than the fquare Fli. 

Again, let the fquare b d be greater than the fquare 
Fli ; then will the fide ab be greater than the fide EF. 

For if ab be net greater than ef, it muft be either equal 
to it, or lefs ; but it cannot be equal to it, for then the 
. . . fquare 
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fquare bd would be equal to the fquarc FH (II. 9,.\ 
which It is not. 

Neither can it be lefs, for then the fquare bo would be 
lefs than the fquare fh (II. 4.)j which it is not; confe- 
quently ab is greater than ££:, as was to be (hewn. 



P R O P. V. Theorem. 

Parallelograms or triangles, having equal 
bafes and altitudes, are equal to each other. 





Let AC, EG be two parallelograms, having the bafe ab 
fiqual to the bafe ef, and the altitude dk to the altitude 
H L ; then will the parallelogram AC be equal to the pa- 
rallelogram EG. 

For upon ab, ef, produced if neceflary, let fall the 
perpendiculars cm, cn (I. 1^.) 

Then, fince md^ nh are re£langular parallelograms, 
the fide dc is equal to the fide km, and the fide hg to 
the fide ln (I. SO.) 

But DC is alfo equal to AB, and hg to ef (I. 30.) ; 
therefore km is equal to ab, and ln to ef. 

And, fince ab is, equal to ef {hy Hyp.)^ km will be 
equal to LN ^ and confequently the redangle md is equal 
to the reftangle n h (II. ^.) 

But the re3angle md is equal to the parallelogram ac, 
bccaufe they ftand upon the fam^ bafe DC, and between 
the fame parallels DC, am. 

Ei? And, 
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And, for the fatne rcafon, the reftangle nh is equal to 
the parallelogram eg ; whence the parallelogram AC if 
equal to the parallclograni eg. 

Again, let ABD, efH be two trianglfes, having thfe 
bafe AB equal to the bafe feF, "and the altitude bK to thfe 
altitude hl ; then will the triangle abd be equal to the 
triangle efh. . . 

For, if the parallelograms AC, eg be compleated, they 
HvHIte eqiial to each other,' By the fdrirfer part of the 
propdfition. 

And fince the diagonals, db, hf divide them into two 
equal parts (T. 30.) the triangle A¥D will alfo be equal to 
the triangle efh. Q. E. D. 

CoRo'LL.'Paralleldgrams or Triangles flanding upon 
equal bafes, and between the fame parallels, are equal to 
«ach other. 



PROP. VI. Theorem. 

The complemerits of the parallelbgrairfs 
which are about the di^bnal of any paral- 
lelogram are equal to each other. 




Let AC be a parallelogram, and ak, kc, complement! 

about the diagonal 3D ; then will tlie complement ak b'e 

equal to the complement kc 

For, 
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For (ipjce AC i& a para}I^pgram, whplp diagonal is bd, 
the triangle DA B. will Ue equal to the tnangl^ bcd (L 30.) 

And, becaufe eg, hf are alfo parallelograms, whofi^ 
diagonals are dk, kb> th^. triangle dqk will be equal to 
tb<2 triar^le D£K;, and thje triangle k,fb to the triangle 
^i^B (I, $Q.) 

3ut, fince the triangles dgk, kfb are tocher, equal 
to the triangles D£K, khb, and the whole triangle dab 
to the.\^bplQ triaPjglj^ PC.B.. the remaining gart ak will be 
equ^al tp th^ r^fnajining pait kc« Q, £. D« 



PROP. VII. Theorem. 

Parallelograms which are about the diago- 
nal of a iquare are themfelves fquares. 




Let BD be a fquare, and he, fg parallelograms about 
its diagonal AC ; then will thofe parallelograms alfo be 
fquares. 

For fince the fide pf the fqviare ab is equal to the fide 
BC, the angle cab will be equal to the angle acb (I. 5.) 

And becaufe the right line gh is parallel to the right 
line CB, the angle akh will alfo be equaj to the angle 
ACJ^ (I. £5.) 

The angles CAB, AKH are, therefore, equal to each 
other ; an4 confequently the fide ah is equal to the fide 
HK(I.6,.) 

Es Biit 
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But the fide ah is equal to the fide ek, and the fidc^ 
HK to thckfide AE (I, 30.); whence the figure he U 
equilateral. 

It has ialfo all its angles right angles : 

For EAH is a right angle, being tlhe angle of a fquare ; 
and HGy £F are each of them parallel to the fides of the 
fame fquare, whencfe the remaining angles will alfo be 
right angles (L 25.) 

The figure he, therefore, being equilateral, and hiving 
all its angles right angles, is a fquare ; and the famfe mzy 
be proved of the figure re, Q, E. D^ 



PROP. VIII, Theorem, 



The re6langles contained under a given 
line and the feveral parts of another line, 
any how divided, are, together, equal to th« 
reftaogle of the two whole lines. 




Let A and bc be two right lines, one of which, bc, m 
divided into feveral parts in the points d, e ; then will 
the TcR^glt of A and bc, be equal to the fum of the 
reflangles of A and ^d, a, and DE, 9nd A and EC, 

For make bf perpendicular to bc (I, 11-) and equal 
to A (I, S.)i and draw ro parallel to bc, and dh, ei 

and 
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and CG each parallel to bf (I. 27.) producing^ :them till 
they meet fg in the points h, i, g. 

Then, fince the reflangle bh is contained by bd and 
BF (II. Dff. S.), it if alfo contained by BD and a, be- 
caufe BF is equal to A {iy Cen/k) 

And, fince the re3angle Dl is contained by D£ and 
DH, it is alfo contained by Dfi and A, becaufe i>h is'equal 
to BF (I. SO.}, or A. 

The refiangle £G, in like manner, is contained ]Dy £C 
and i|i$ and the reflangle bg by bc and a. 

But. the whole re£langle BG, is equal to the reSanglei 
BH, Di and EG, taken together; whence the reftanglc 
of A and BC is alfo equal to the re£langles^of A and BD» 
A and D£ and a and £C, taken together. Q. £. D* 



\ 



PROP. IX. Theorem. 

If a right line be divided into apy two 
parts, the redtangles of the whole line and 
each of the parts, are, together, equal to 
the fquare of the whole line. 




m 



Let the right line ab be divided into any two parts 
the point c ; then will the reftangle of ab, ac, together 
with the re^laiiglc of ab, bc» be equal to the fquare 
oi AB. 

£ 4 For,. 
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1' iFoc, .upoii. AB deficijbe ^he fqua^e ad (II. !.)« kui 
through c draw'CF p^allel to ht or bd (L 27 0) vtji'; 
, Then, fiiice the reSangle Af is contained by. AJt, AC, 
4i is^ifo contained by ab, AC, becaufe, ae k e^ual; to 
AB {II. Def. 2.) ... 

h^ And, fince thercfizmgte CD. is contained by bp, bc, it 

IxflL alfo contained by^ ab, bg, becauiie bd is equal to aBu 

But ad, or the fquare of ab, is equal to the refboglds 

^F^ cb,taken'together ; whsn<ie the re£buigle of AH, AC» 

together with, the redangle of ab, bc, is alfo ei|uaUto the 

fquare of AB. Q. E.D. 



P R O P. X. Theorem. 



• '• • • 



If a right line be divided into any two 
parts, the re6iangle of the whole Hne and 
one of the parts, is equal to the re6langle of 

'thfe two parts, together with the fquarfe of 

• the afo^efeid part. 




Let the right line ab be divided into any two parts in 
the point c ; then will the refiangle of ab, bc be equal 
to the reSangle of AC, CB, together with the fquare 
of C9. 

For upon cb defcribe the fquare C£ (II. 1.), and 
'-thipugh A^iraw AF parallel to CD (I. 27.) meeting £i>, 
produced^ in F. 

Then^ 
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' Ttiim» finc^ AB h 9 re&mgle, contained by ab, be« 
iftisaiib €OQUmed' by A9» bc, becaufe b£ is equal to 
flc (IL D^^ ^.> 

Andft in like mamotr* ad ia ^ r^aogla. cont^io^d by 
.^e. CDf or by ac^ gb ; and en i$ the Iquace o£ cb (^ 

But tb€ reiElatiglQ as is tqual to the reSangle A]>, and 
did fi^uare C£» taken tpgether; whence the re&kangle 
of AB, BC is alfo equal to tba re^ngle of ac, cb together 
with Ihft fqqam oi gb. Q^E. D. 



PROP. XL Tmeohem. 



If a right line be divided into any two 
parts^ the fquare of the whole line will be 
equal 1]o> the fquares of the two parts, together 
with twice the fe6feingi« of thole parts. 
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Let the right line ab be divided into any two parts in 
the point c ; then will the fquare of ab be equal to the 
fquares of AC, cb together with twice the reftangle of 

AC, CB. 

For upon ab make the fquare ad (IL L), and draw 
the diagonal £b ; and make CK, fh parallel to ae, ed 
(L 27.) 

Then, 
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Then, (ince the parallelograms about the diagonal of a 
fquare are themfelves fquares (II. 7,), fk will be thit 
fquare of fg, or its equal AC, and CH of CB. 

And (ince the complements of the parallelograms about 
the diagonal are equal to cfach other (II. 6.}, the comple- 
ment AG will be equal to the complement gd. 

But AG is equal to the refiangle of AC, cb, becaufe 
CG is equal to cb (II. Dtf. 2.) ; and gd is alfo equal to 
the re£bngle of ac, cb, becaufe gk is equal to GF 
(Def. II. 2.) or AC (I. 30.), and gh to cb (I. 30.) 

The two reftangles ag, gd are, therefore, equal to 
twice the reftangle of ac, cb ; and fk, ch have been 
proved to be equal to the fquares of ac, cb. 

But thefe two reftanglcs, together with the two fquares, 
make up the whole fquare ad ; confequently the fquare 
AD is equal ,to the fquares of ac, cb, together with twice 
the re6langle of AC, cb. Q. E. D. 

CoROLi.. If a line be divided into two equal parts, 
the fquare of the whole line will be equal to four times 
the fquare of half the line. 



PROP. 
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PROP, XII. Theorem. 

If a right Kne be divided into any two 
parts, the fquares of the whole line, and 
one of the parts, are equal to twice th^ 
reOangle of the whole line and that part^ 
together with the fquare of the other part. 




Let the right line ab be divided into any two parts ia 
the point c ; then will the fquares of ab, bc, be equal 
to twice the re6langle of ab, bc together with the fquare 
of AC. 

For, upon ab make the fquare ad (II. 1.), and draw 
the diagonal be ; and make FC, hk parallel to bd, ba 
(1.27.): 

Then becaufe AG is equal to CD (II. 6.), to each of 
thefe equals add CK, and the whole ak will be equal to 
the whole CD. 

And, fince the doubles of ^quaU are equal, the gnomon 
HBF, together with ck, will be the double of ak. 

But CK IS a fquare upon CB (11. 7.), and twice the 
reftangle of ab, bc is the double of ak, whence the gno- 
mon HBF, together with the fquare CK, is, alfo, equal to 
twice the reftangle ab> bc 

And, 
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And, becaufe hf is a fquare upon HG or AC (II. 7.}^ 
if this be added to each of thefe equals, the gnomon HBF, 
together with the fquares CK, hf, will be equal to twice 
the reftangle ab, bc, together with the fquare of AC, 

But the gnomon hbf, together with th^ fquares ck, 
HF, are equal to the whole fquare ad, together with the 
fquare ck; confequently, the fquares of AB, B€, are 
equal to twice the reftangle of ab, bc together with the 
iquare of AC. ^ Q. £.. D. 



PROP. XIII. Theorem. 

The difference of the fquares of any two 
unequal lines, is equal to a re6langle under 
their fum and difference. 




Let AB, AC be any two unequal lines ; then will uhc 
difference of the fquares of thofe lines be equal to a re£l- 
angle under their fum and difference. 

For upon ab, ac make the fquares ae, ai (U. 1.) ; 
and in he, produced, take EG equal to AC (L 3.) ; and 
make CF parallel to eb (I. 27.) ; and produce ci, IK 
till they meet hg, gf in d and f. 

Then, fince he is equal to ab {Def. XL 2.) and eg to 
AC {by Conft.)i HG will be equal to the fum of ab 
and AC 

And 
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Andbecaufe ah is equal to ab, and ak to ac [II. 
Titf. 2.), KH win be equal to cb, or the difference of 
AB and AC. 

But the re£langle kc is contained by hc and hk, 
whence it is, alfo, contained by the fum and difference of 
AB and AC. 

And, fince xe is equal to hk {I. SO.) or cb [hy Confi.), 
and EC to Ac {by Conft.) ci, or lb, the reflan^e ic will 
be equal to the re£iang1e LC (II. ft.) 

But the reSanglesHL, lc are, together, equal to the 
difference of the fquares ae, ai ; confequently the re£l- 
anglei hl, lg, or the whole re£bngle kg, is alfo equd 
to the difference of tfaofe fqu^es. ' Q. £. D. 

PROP. XIV. Theobem. 



In any r^t angled triangle, the fquaxe of 
the hypotenufe is eqaal to the fum -of th« 
fquares of the other two fides. 




Let ABC be a right angled triangle, having the right 
angle. ACB ; then will the fquare of the hypotenufe ab be 
eqyal to the fum of the fquares of AC and CB. 

For, on ab, defcribe the fquare ae (II. i.), and on 

AC, CB the fquares ac, BH ; and through the point c, 

draw 



t 

draw CL parallel to ad or be (I. 27.) and join Br, cn, 
AK and C£. * . 

Then, fince the right line AC meets the two right lines 
GC, CB in the point c, and makes each of the angles 
AC.c, ACB a right angle {tyMyp- and Def, 2.), gc will be 
in the fame right line with cb (I. 14.) 

And, becaufe the angle f AC is equal to the angle dab 
(I. 8.), if the angle cab be added to each of them, the 
whole angle fab will be equal to the whole angle DAC. 

The fides fa, ab, are, alfo, equal to the fides ca, 
AD, each to each, {Def. ^.), and their included angles 
have, likewife, been fliewn to be equal ; whence the tri- 
angle ABF is equal to the triangle ACD (I. 4.) 

But the fquare AG is double the triangle abf (I. 52.) 
and the parallelogram al is double the triangle acd 
(1. 32.) ; confequently the parallelogram al is equal to the 
fquare AG {Ax. 6.) 

And, in the fame manner, it may be demonftrated, 
|hat the parallelogram bl is equal to the fquare bh; 
therefore the whole fquare ae is equal to the fquarcs AG 
and BH taken together. Q. E. D. 

CoROLL. The difference of the fquares of the hypo- 
tenufe and either of the other fides is equal to the fquare 
of the remaining fide. 



PROP, 
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[PROP. XV. Theorem. 

If the fquare of one of the fides of a tri- 
angle be equal to the fum of the fquares of 
the other two fides, the angle contained bj 
thofe fides will be a right angle. . 




^ Let ABC be a triangle ; then if the fquare of the flde 
AB be equal to the fum of the fquares of AC, CB| the 
angle acb will be a right angle. 

For, at the point c« make CD at right angles to CB 
(I. IL), and equal to Ac (I. 3,) ; and join db. 

Then, fince the fquares of equal lines are equal (IL 2.), 
the fquare of DC will be equal to the fquare of AC 

And, if, to each of thefe equals, there be added the 
fquare of CB, the fquares of DC, cb will be equal to the 
fquares of AC, cb. 

But the fquares of DC, cb are equal to the fquare of 
Bb (IL 14.), and the fquares of AC, cb to the fquare of 
AB {iy Hyp.) ; whence the fquare, of bd is equal to the 
fquare of AB, 

And fince equal fquares have equal fides (IL 5.), ab 
is equal to bd ; bc is alfo common to each of the tri- 
angles ABC, dbc, and AC is equal to CD (iy Corift.) ; 

con- 
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confequently the angle acb is equal to the angle BC» 

But the angle set) h a right HrT^&{iyCor^.), whencd 
the angle acb is alfo a right angle. Q. E.©I 



PR<5P. XVI.^ TiiE0ii'5«. 
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The difFereftce of tibe fq^ares of the two 
fides of any triangle, is equal to the diffe- 
rence of the fquares of the two lines, or 
diftances, included between the extremes of 
the bafe and the perpendicular. 





Let AtBC hea triangle, having CD perpendicular to ab ; 
then will the di&rence of the fquares of AC, CB be equa^ 
to the diiference of the fquares of ad^ db. 

For the fum of the fquares of ad, dc is equal to the 
fquare of AC (II. 14.); and the fum of the fquares of 
'BD, DC is^qual to the fquare of bc (II. 14.) 

The difference, therefore, between the fum of tl;c 
£|uar£s of ad, dc, and the fum of the fquares of bd, DC 
is equal to the difference of the fquares of ac, cb. 

And, fiace DC is common, the difference between tlic 
fum of the fquares of ad, dc, and the fum of the fquares 
of %D, DC is equal to the difference of the fquares of 
AJ?, DB,- " ' * 

S But 
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But things which are equal to the fame thing are equal 
to each other ; confequently the difference of the fquar^s 
of AC, CBi is equal to the difference of the fquares of 
▲D, DB. Q.E.D. 

CoROLL. The reSangle under the fum and difference 
of the two fides of any triangle, is equal to the reftangic 
under the bafe and the difference of th^ fegments of the 
bafe (II. 13.) 



PROP. XVII. Theorem. 

In any obtufe-angled triangle, the fquare 
of the fide fubtending the obtufe angle, is 
greater than the fum of the fquares of the 
other two fides, by twice the re6langle of 
the bafe and the diftance of the perpendi- 
cular from the obtufe angle. 




Let ABC be a triangle^ of which abc is an obtufe an- 
glc, and CD perpendicular to ab ; then will the fquare of 
AC be greater than the fquares of ab, bc, by twice the 
re£langle of ab, bd. 

For, fince the right line ad is divided into two parts, 
in thepoim B, the fqi^re of ad is equal to the fquares o£ 
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AB» BD, togetlier with twice the reftangle of ab, "bd 

;(n. 11,) 

And if, to each of thefe equals, there be added the 
fquare of DC, the fquaresof ad, dc will be equal to me 
Jfquares of ab, pD and DC, together with twice the'reft- 
. ancle of AB, BD. 

But the fquares of ad, dc are equal to the fquaare of 
AC, and the fquarei of bd, dc to the fqilare of BC (ll. 
14.) ; whence the fquare of AC is greater than the fquares 
of AB, fic by twice the re6langle of ab, bd. Q.E.D. 



PROP., xyill. Theorem. ^ 

In any triangle, the fquare of the iide fiib- 
li^ndmg an acute angle, is lefs than the fum 
) of the iqilares of the bafe and the other fide> 
By twice the ire^langle of the bafe and the 
diftance of the perpendicular from the aCiite 
angle. 





Let ABC be a triangle, of which abc is an acute angle^ 
' and CD perpendicular to ab : then will the fquare of 'Ac 
** lelefs'thiri the fum of the fquares of AB and BC, by twfce 
the refiangle of ab, bd. 

' " For, Cnce XB, or ab produced, is divided kito twa 
'piirts in the poinftD, Oir A, the famof-ttte fquarei of Ab,^ 

5 ^D 
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JOj^STiscciUarK) twice the re6):aiigle of a«b , BD^tagqlJber with 
^theiguare of AD (il. 12.) 

And if, to each of thefe equals, there be added die 
jfqUare^f pc^ tl;ie fuoi of the fquares of ab, bd and oc 
^iUjbe equal tatjvice the re&angle of JWB, bd, together 
with the fum of the fquares of ad, dc. 

&itjthe fuxd bf the fquapes of bd, DCis equal to the 

Ifquareof 3C, and the fomof the Iquares of ad, DC to 

the fquareof AC (II. 14.); whence the fquare of AC is 

tltfs than the fum of the [fquares of ab, bc, by twice the 

fYe£bngle of liiiB, BD. ^ Q.£.*D* 



P lEl p P. XIX. Theorem. 

^In^ariy triangle, the double of ihe fqqare 

of'U iifte drawn from the vertex to the middle 

of the bafe, together with double the fquare 

of the lemi-bafe, is equal to the fum of the 

^fqua^res of the other two fides. 





Let ABC be a triangle, and CE a line drawn from the 
vertex to the middle of the bafe ab : then will twice the 
fum of the fquares ofcE, ^A be equal to the fum of the 
fquares of AC, CB. 

For on ab» produced if neceffary,.let fall tJteperpondx. 

F 2 Then, 
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Then, bccaufe a EC is an obtufe angle, thefqnarcof 
AC is equal to the fquares of A£« EC together with twice 
the reftangle of AE, ED •(II. 17.) - 

And, becaufe bec is an acute angle, the fquareof CB 
togethcr.with twice the reftangle of be, £D is equal to the 
fquares of BE, EC. (II. 18.) 

': And fmce AE is equal to eb (iy Conft.)yiht fquare of 
BC together with twice the refiangle of A£» ed is equal 
to the fquares of ae, ec. 

But if equals be added to equals, the wholes wiH be 
equal ; whence the fquares of ac, cb, together with twice 
the reftangle of ae, ed, are equal to twice the fquares of 
AE, EC, together with twice the reftangle of ae, ed. 

And, if twice the reftangle of ae, ec, which is com- 
mon, be taken away, the fum of the fquares of ACy CB 
will be equal to twice the fum of the fquares of ae, ec. 

Q.E.D. 

PROP. XX. Theorem. 

In an ifofceles triangle^ the fquare of a 
line drawn from the vertex to any point in 
the b&fe, together with the reftangle of the 
fegments of the bafe, is equal to the fquare 
of one of the equal fides of the triangle* 




Let ABC be an ifofceles triangle, and CE a line drawm 

from tlie vertex to any point in the bafe AB ; then will the 

' * : fquare 
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fquare of ce, together with the reftangle of A E, IB be 
equal to the fquare of AC or cb. 

For bifeft the bafe ab^ in D (I. 10. )2^ and join the 
points c, b. 
'Then, fince AC is equal to cb, ad to j^b, and^CD 

is common to each of the triangles acp, bcd, the angle 

» 

tDA will be equal to the angle cdb (L 7.); and con£b« 
^uently CD will be perpeindicjidar. to ab (i}^ 8, 9.) 

And, becaufe ac£ is a triangle, and CD is t^i^perpea-* 
dicular, the difference of the fquares of Ac, CE is equal 
to the difference of the fquares of ad, de (II. 16.) 

But, fince be isthefum of AD and de, and ab is their 
difference, the difference of the fqUaures of ad, de is 
equal to the reftangle of ae, eb '; confequently, the dif- 
f<^rence o£ the fquares of ac, ce is alfo equ^l to the re6l« 
angle ae, eb. 

And if, ^o each of thefe equals, there be added the 
fquare of ce, the fquare of ac will be equal to the,fquart 
of CE together with the reftangte of ae, eb. 



F« PROP. 
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prop: XXL Theorem. 

The diagonals of anj jJarallerogram Bife6k 
M€h dthers.aQd the fiwft ojf their Iquaxea is 
equal to the- fam of the fqitares of the four 
fides of the paraflelograita. 



Let ABCD t)^ a parallelogram, whole diagonals ACj BD 
inter{e£l each, other in e; then will ae b^ equai to EC, 
and BE to ED ; and the fum of the f^uares of AC^»,Bb will 
be eqtial to the Aim of the fquctres of ab, bc, cd and da. 

For fince ab, dc are parallel, and AC, BD interle^' 
them, the' angle dce will be equal to the angle EAB 
(L 24r.}, and the angle cde to the angle eba (L 24.) 

The angle dec is like wife equal to the angle aeb 
(I. 15.), and the fide DC to the fide ab (L 30.) ; confe- 
'quently de is alfo equal to ee^ and ce to ea (L 21.) 

Again, fmce db is bifeSed in E, the fum of the fquares 
* of DC, CB will be e^al to twice the fum of the fquares of 
DE, EC (IL 19.) 

And, becaufe DC is equal to ab, and CB to da (L SO.) 
the fum of the fquares of ab, cb, dc and da are equal to 
four times the fum of the fquares of de, EC 

But four times the fquare of P|; is equal to the fquare 
of BD (IL 1 L Cor.), and four times jthe fqilare of EC is 

equal 
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^ual to the fquare of AC ; whence the fum of the fquajrts 
of A|P, &D ajre equal to the fum of the fdjuarcs of ab, bc, 
cpand DA. Q.E^D. " 



PROP. XXII. Problem. 

To divide a given right line into t^ 
parts, fo that the re6tangle continued by tljte 
X¥hole line and one of the pwt^ &i^ h$ 
equal to the fquare of the other part. 




Let AB be the given right line ; it is required to divide 
it into two parts, fo that the re3angle of the whole. line 
and one of the parts (hall be equal to the fquare of the 
other part. 

Upon AB defcribe the fquare AC (II. 1.)^ and bife£l 
the fide of it ad in b (I. 10.) 

Join the points B, £ ; and, in ea produced, take £F 
equal to eb (I. 3.) ; and upon af defcribe the fquare 
FH (II. 1.) 

Then will ab be divided in H fo, that the refiangle o£ 
AB, BH, will be equal to the fquare of ah. 

For, fince df is equal to the fum of eb and ed, oritft 
equal ea, and af is equal to their difference, the reft- 
angle of 4)f, f a is equal to the difference olf the fquaresof 
l^B, EA (II. 15.) 

fA But 



id 
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But the reflangle of df, fa is equal to dg, becaufc 
PA is equal to fq (II. Def. 2.) ; and the difference of the 
fquares of £b, ea is equal to the fquare of AB (11. 14.' 
Cor.) ; whence dg is equal to ac. 

And, if from each. of thefe equals, the part dh» which 
is common to both, be taken away, the remainder AG will 
l)e.eq^al tq th^ rcmaiufier hc, * ^, 

J^ut H9 is the reftangle of ab, Bh ; for ab is equal to 
BC ; and a~g is the fquare of ah ; therefore the right 
line ab 11^ divided in H fo, that the reflangle of ab, bh is 
.qual to the. fquare 6f AH^ which was to be done* ' 
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BOOK III. 



DEFINITIONS. 



). A r2kdiu$ of a circle, is a right )ine drawn from the 
centre to the circumference* 




^4 A diameter of a circle, is a right line drawn througii 
the centre and terminated both w^ys by the circmn* 
ference. 




S» An ajTcpFa circle, is any part of its periphery, or 
circumference. 




4. The chord, or fubtenfe, of an arc, is a right line 
joining the two extremities of that arc. 

^. ••• 

5. A femicircle, is a figure contained under any dia* 
^eter and the part of the circumference cut off by that 
diameter. 




6. A 
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6. A fegment of a circle, is a figure contained undkr 
any arc and the chord of that arc. 



'•' •* i 



7. A tangent to a circle, is a right line which pafles 
Aroogh a point in the circumference without cuttihg it* 




S. Right lines, or chords; are faid to be equally diftant 
from the centre of a circle, when perpendiculars drawn 
to them from the centre are eqtial. 




9. And the. right line on which the greater perpendi- 
cular falls, i& faid to be farther from the centre. 




10. An angle in a fegment, i&that which is contained 
by two right lines, drawn from any point- in the arc of the 
fegment, to the two extremities of the chord of that arc. 




1 1. One circle is faid to touch another, when it pafli^s 
through a point in its circumference without cutting it. 




PROP. 
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Pit OK E pRio»t!«to. 



To find tlie cehlre of a ^Veh ciifcle^ 







I 






Let A|kCl)e thegivw^cirdc; xk'm require tQ^fii^i i^ 
centre. 

• DfA^afiy ehord AB, attd*bifta«it in b fl. 10;); and 
through the point D draw CE at right angjes to ab (L ll.X 
and bife£l it in F : then will the^ point f be the centre of 
the circle. 

For if it be not, fome other point muft be the centre, 
either in the line £C, or out of it* 

But it cannot be any other point in the line Ec, for if 
jtf w<^€^ \Sno liaet drawn, fr0H%;the'C€{iiti;e q£ t^e ciipclc to 
Iff-etrCulnf^retl/Ce wq^.14 i>e \a^^^^ which. israbfu^d« 

Neither can.it bieany pjoin^ovt: of^hgt liHe; for if it 
Kaaxy\sx a tse tk«;t point ; 9od ^a ^A^ QD and aft. 
' TheiK fc$c,2mC5 iGtA, i»^W to qb. (}. jQ^ iSw), ad to 
DB {hy €on/l,y, and' GD ciaomon to each Qf t^ tria^gk^ 
A^d, BGX>« liie akigl« ADjGf will be tqv^dl to th<ii ^ngl^ %VQ 
(1.7.) 

But when one Une £ilk lajioto ano^bev^ aio^ m^Jk^l the 
adjacent angle& equd, thofe anglea accv each erf til^JBt, 
right angles (I. D^. 8 mifd.) 

' , The 
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The angle adg, therefore, i« equal to the angle adc 
(L B.}} the whole to the part, which is abfurd ; confe* 
quently no poipt.but r can be the .centre pi thexircle. 

-•'''■ Q.E.D. 

CoRpLL. If any chord of |i circle lyq bife£ledy .a right 
line drawn through that ppint^peipendic'urar to the'chord, 
iMfill pafs through the centre of the circle. 



•» '• r 



PROP- n. Theorem. 



•f 



If aay two points lie taken in the circum- 
ferenci^ 6f a- cifde, ttie^dhord, br right line 
which joins theni, yiUffell wboUy within th^ 
circle. ... 




Let ABE be a circle, and a, b any two points in the 
circumference; ^hen will the right line a b^, which joins 
thofe points, fall wholly within the circle. 

For find c, the centre of the circle abe (III. 1.), and 
join c, a, Cy B ; and through any point d, in ab, draw 
the right line CE, cutting the circumferoice in e. 

Then, becaufe ca is equal to cb (I; Def. 13.), thesingle 
CAB will be equal to the angle cba (I. 5.) 

And, (ince the outward angle c db of the triangle AC D, 
is greater than the inward oppofite angle cab (I. 16.), it 
will alfo be greater than the angle cba. :, • 

But 



t But the greater fide of every triangle i* oppoiite to the 
greater angle (I. IT.) ; whehce CB, or iti'tqual CE, wiU 
be greater than CD. 

The point Di theriefore, falls Within the circte ;;and the 
/fame maty he! fhewny^'^ny- other '{k>iilt in ab| confe^ 
' queiitly the whole line A 8 hiuil fall v^lUiin ^he circle. ^ ' 

••'- ''-PR a?.- iirz-TH^oREM. ^' 

^ If a ri^it( Hfie;) which piafles tjhrodgh the 
centre -of a ciTch;-lbiP&^'n <5hord, Jt^will be 
perpenflipiilar to if ; afiH if it be pe'r^^ 
lar to. the chord, it will»bjife.6i it. \ - ,. 



.1 v***^**** ff > •* 
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Let ABC be 9 circle, and cs a right line which pa0ei 
through the centre J), and bife£U the cljiord ab in £ ; then 
will C£ be perpendicular to ab.' 

For join the points ad, db : 

Then, becaufe ad is equal to db (II. i)^ IS.), AE 
to eb {by Hyp.)^ and ed" common to each pf the trian- 
gles ade, bde, the angle dea will be equal to the angle 

deb (I. 7.) 

But onc^ line is fard to be perpendicular to another, 

When it rifiikies the angles on'fcoth fides of it equal to each 

Atfter {X.'Def, B.) J confeqtfehtly ce is perpendicular to 

the chord ab. 

'" * Again, 



iiAsgsah* letrtbe t jght line !BrB he^dxAvnn ftomrXheawre 
■i4>q?p»niii<^a0itQ'lhp:ob9fdjA&; tkea^iAri]! Aabebifeftfl^l 

in the point E. 

tForjjpi^i:)^ ^nSH tAi«>, lO^, «fl before : 

n^q, finc^ y^ j^igte :P\»iisit5qttail to ^ ^4^>INI|i^ 
(I. 6s}^ :a6d tkeriin^e AJ|OitP:it]|ie^a|;^le iCblSB, (l:>eii|g^a^ 
iff (!hem right angles) the angle AD£ will alfo be equal to 
ibeangleEPB (I. ^8. Cor. 1.) 

And, becaufe tbe «piang(efl dsa» iDI6 fure mutually 
equiangular* and have the fide de coimnon, the fide ab 
QitB alirote«|iial'tofdiefl<kieB (I.^Hi.); iUpbewe^AB is 
filfe^f^in^ilhe^foiiitrE, asiyaifttcfbe 
f .(?09,QX,L. ,If a right: line be.tlraMrn finom tbfe vcitex Qf 
an ifbfceles triangle, to. the middle pf the bafe« it will be 
perpendicular to it ; atldif itbe perpendicular to the bafe, 
k will bifeft both it and the vertical angle. 

P R O IP. IV. ITheorbm. 

If more than two equal right lines can be 
tAaimi^^om ai^y point in .a:€irde to the cir- 
'crnnfereftce, that |Joint *wffi be the centre- 




rLet ABDC'bea circle, and.o fXHnt* within. it; .then if 
•any thsee right lines oa, ,o&, op,.draiMi from the .point 

o to the circumference^ >bcequal to^eacbotbcrt fhat.p»iot 
will be the centre. 

For 



^^ iPordfiwlhe En^ ABi A€, iind 4>if€A th6m ki the 
poihtt r,G (I. l^.)rttid through the centre o, draw^D^ 
CE, (!:uttingthe drcumfereiKSein d and e. 

Then, fince AT h ^qual to fb {by Cmft.)^ AO to Oil 
f|^'j^.),lMTa -OF -common to of the triangles aof, 

iBOFy the angle afo will be**equal to the angle bf^ 

And bettiufe the right line 6^ falk upon the right ii^ 
^B, «hd ihakesthe ad^aceht^gtes. equal to ^cb o^^ier^ 
DF willrbe|>eiySndkuUff to ab (;I. JD^. ^t) ^: \, . , 
• But wh^apght lifie bifejfts aiiy^chord^a^ light an^^ 
it paSTes through th^.o^p^re of lhecirpI^\piL,lvft^ 
%heiice;*lid eeftfe-e muil^hefa^newbere in the Jine : F D-^ 
'V Ar4l inVihe fefte j^Rannjcr, it may , be ilhewH, Aat tfae 
centremufthe Jiwroewhere in-t^ejine GE, 

But the lines f3g^.4G?E:iiave hd other ipoint but<oiWlii(Ji 
id ci^tilmoii to them both; thcFefore o is the cefntreofthe 



circle ABD/as was to be Ihewn. 



JK 



- PROP. V^ Theoreh- 

<■ Ciircles ^ equal radii are equal to each 
<>thfer ; and ii^dic^ eirckd ^are ^ijal, the radii 
'will be equal. ' 



u 




-■-A 



^Xet' AEC, deJf- be two circle*, of which the radii ga» 
GB. arc equal to the radii "hf, he ; then will the circle 
AB€ be^ual tQthe circle i>£F* 

For 
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Fot conceive the circle def to be applied to the circle 
^BC, fo that the centre h may coincide with the centre c. 

Then, fince the radii HF, he are equal to the radii ga» 
CB (iy H)f.)y the points f, e will fall in the circumfer- 
ence of the circle ABC (I. Def, 13.) ; and the fame may b^ 
ibewn of any other point d. 

But fince any number of points, taken in the circum- 
ference of the circle Di:F, fall in the circumference of the 
circle ABC, the two circumferences muft coincide, and 
confequently the circle? are equal to each other. 
• Again, let the circle abc be equal to the circle 0EF 5 
then will the radii G a, gb be equal to the radii hf, he^ 

For if they be not equal, they muft be either greater 
or lefs : let them be greater ; and apply the circles to each 
other as before. 

Then, fince the radii ga, gb are greater than the radii 
HF, HE, the points f, e will fall within the circle abc ; 
and the fame may be fliewn of any other point d. 

But, fince any number of points, taken in the circum- 
ference of the circle def, fall within the circle abc, the 
Y^hole circle def muft, alfo, fall within the circle abc. 

The circle def is, therefore, lefs than the circle abc^ 
and equal to it at the fame time [by Hyp.)^ which is abfurd : 
whence the radii ga, gb are not greater than the radii 

HF, HE. 

And in the fame manner it may be fjiewn that they can. 
not be lefs ; confequently they are equal to each other. 

Q.E.D. 

CoROLL. Equal circles, or fuch as have equal radii, 
0t diameters, have equal circumferences. ' 



PROP. 



PROP. VI. Theorem* 

If two circles touch each other internally, 
Ad centres of the circles and the point of 
cqntafil will be all in the fame right line* 




Let the two cirdes beg, bdf tourh each oth^r inters 
nally at the point b ; then will the centres of thofe circleil 
atid the point B he in the fame right line. 

For let A be the centre of the circle be<;, and draw 
the diameter G^. 

And if the centre of the circle bi>f be not in gb, let» 
if poffiblej fome point c, out of that line> be the centre J 
and join a, c, c» b ; and produce AC to cut the circles 
in D and £• 

Then, fince acb is a triangle, the fides AC, cb; taken 
together, are greater than the fide ab (I. 18,), or its 
equal AE. 

And if, from thefe equals, the part AC, which h 
common, be taken away, the remainder CB will be greater 
than the remainder ce. 

But, fince c is the centre of the circle bDf (iy Hyp.)^ 
CB is equal to cd (I. Def, IS,) ; whence CD will aifo be 
greater than C£> which is impoffible. 

The point c, therefore, cannot be the centre of the 
circle 3DF ; and the fame may b*. Ihewn of any other 
Doint oyt gf the line AB. Q. £. D* 

G PROP. 
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PROP. VII. Theorem, 

If two circles touch each other externally, 
the centres of the circles and the point of 
contad will be all in the fame right line. 




Let the two circles beg, bdf. touch each other exter- 
nally at the point B ; then will the centres of thofe circles 
and the point b, be in the fame right line, 

For, let A be the centre of the circle .beg, and draw 
the diameter gb, which produce till it cuts the circle 
bdf in f. 

And, if the centre of the circle bdf be not in the line 
AF, let, if poffible, fome point c, out of that line, be the 
centre; and join c, a, c, b. 

Then, fince a is the centre of the circle beg, ae is * 
8qual to AB (I. Def, 13.) 

And bccaufe c \t the centre of the circle bdf (3y Hy^.) 
CD is equal to cb (I. Def. 13.) 

But AB, BC, together, are greater than AC (I. \%\) ; 
therefore A E, cd, together, are alfo greater than AC; 
which is abfurd. 

The point c, therefore, cannot be the centre of the 
circle bdf ; and the fame may be flicwn of any other 
point Qut of the line af. Q. £• D. 

PROP. 
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PROP. VIIL Theorem, 



„.»! 



Any two chords in a circle, which ai*e 
equally diftant from the centre, are equal to 
each other ; and if they be equal to each 
other, they will be equally diftant from the 
qentre* 




Let ABED be a circle, whofe centre is o; then will 
any two chords ab, de, which are equally diftant, from 
' O^ be equal to each other. 

For join the points ao, od, and let fall the perpendi- 
culars, oc, OF (I. 12.) 

Then, fince a right Hne^ drawn from the centre of a 
circle, at right angles to any chord, bifefts it (III. 3.), 
AC will be equal to CB, and df to fe* 

And, becaufe the angles ago, dfo are right angles, 
the fquares of ac, co will be equal to the fquare of ao 
(II. 14.), and the fquares of df, fo to the fquare of OD. 

But the fquare of ao is equal to the fquare of OD 
(II. 2.) ; confequently the fquares of AC, co will bt- 
equal to the fquares of df, FO. 

And fince oc is equal to of (III. Dcf. 8.), the fquare 
of oc will be equal to the fquare of Of (II. ^*) ; whence 
,. , " ' Gi2 tbe 



J BLB»l*^^^ 



Ot GBOUS-I*^- 



^ ^ X. other e%tetnal\y; 

Vrks touch eacTaot^er.^^ 

If tN^o circles ^^d the P 

contaav^^^^^^^^^^^^-^ 

^ -^ 1, cac\i otVvcr extet 

j.et *e two circle.^ -^,,ecen«esoUV.o 

and tl^^ r;t :; the centre ot * ^ .^ ,,„ ,y.e cu 
Eor.^etAV' ^tich?roduce 

,U dlatnetet o«' • tenotintlve 

»°^ '^^ 'i the centre ot the c^de B^ ^^ ^^^,,, b< 

^^'''''tnd1ornC.^.C'- ,,,.e circle BEO,. 
centre; »^* 3 i,tVve centre o 

T^^"' rd J)'/- ^^-^ oi the circle Bt)T («: 
iciualtoABtJ. ^^^^^.entreoith 

"bu: - -. f t::;^:: - ^co ^^ ^^ 

therefore AE.j^ ' , be the cent 

^tich'«>^ff • .^..erefore. ^'"^^^^^^'o.e^n oi ^ 
• The pomt c, ^^^ ^^^^ „,y be m 

point <XOt o^ *^*' , 
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the remaining fquare of AC will alfo be equal to the re- 
maining fquare of df; or ac (equal to Dr (II. 5.), 
and AB to DE (I. Ax. 6.) 

Again, let the chord ab be equal to the chord DS ; 
then will oc, 0#, or their diftances from the centre, be 
equal to each other. 

For the fquares of AC, co arc equal to the fquare. of 
oa (II. 14.), and the fquares of df, fo to the fquair 

of OD. 

But the fquare of oa is equal to the fquare of OD 
(II. 2.) ; therefore the fquares of ac» co are equal to the 
fquares of df, fo. 

And fince AC is thehalf of 'ab (III. 3.), and df is the 
half of D£ (III. 3.), the fquare of ac is equal to the fquare 

©fDF(II. 2.) 

The remaining fquare'of CO is, therefore, equal to the 
remaining fquare of FO ; md confequently CO is equal to 
FO (IL S.), as was to be fhewn* 

CoROLL. If two right artgled triangles, having equal 
4iypotenufes, have two other fides alfo equal, the re- 
maining fides will likewife be equal, and the triangles will 
be equal in all refpefls. 



. 1 

4« 
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PROP. IX. Theorem. 

A diameter ia the greateft right line that 
can be drawn in a circle, and, of the reft, 
that which is nearer the centre is greater 
■ than that which is morie remote^ 




Let ABCD be a circle, of which the diameter is ad, 
and the centre o ; theft if-BC be nearer the centre than 
FGi AD will be greater, than BC, and BC than fg. 

For draw oh, OK perpendicular to bc, fg (I. 12.), 
aad.j«j^ QB, OG, ocand of. ^ 

T^eniibecau^eoAisequal tooB (I. Dtf. IS.), andoi\ 
' to oc, AD is equal to OB and oc taken together. 

But OB, oe, taken togethGr,are greater than Bc(1.18.}; 
therefore ao ii alfo greater than BC* 

Again, the fquares of oh, hb are equal to the fqnare 
ef OB (II. 14.), and the fquarei of ok, ke to the fquarci 
of OF. 

. But thv fquare of OB is equal to die fquare of OF 
(II. 2.) i whence the fquarei of oh.^b are equal to ths: 
fquarei of OK, ms. 

And fince f G ii farther from the centre than BC (^y 
Hjf.), OK. will b^ greater than ou (III. Dtf. 9), and the 
iquare of OK than the fquare of ou (II. 4.) 
.. -, . . G3 The 
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The remaining fquare of hb, therefore, i« greater 
than the remaining fquare of kf, and Hto greater than 
KF (II. 4.) 

But BC is the double of bh, and fg is the dpubje of 
;k (III. S.) ; confequently Bp is alfo' greater than fg. 



. ■ 4 



PROP. X. Theorem. 

A right line drawn perpendicular to the 
(diameter of a circle, g,t one of its extremities, 
js ^ tangent to the cifcle at that point. 




iet ABC be a circle whofe centre is e, and dianteter 
AB ; then if D^ be drawn perpendicular to AB, it will be 
a tangent to the circle at the point b. * 

For in BD take any point r, and draw ef, cutting the 
circumfesence of the circle in c. ^ " 

Then, fince the angle ebd is a right angle {hy Hyp.)^ 
die angles bef, efb, will be each of them lefs than a right 
angle (I. 28.) 

And, bcc^ufe the greater fide of every triangle is op- 
pofite to the greater angle (I. 17.), the Ode ef is greater 
than the fide eb, or its equal £C. 

But fince ef is greater than £C, the point F will fall 
without the circle abc ; and the fame may be ibewn pf 
any other poiru in BP, except b* 



BOOK TUB TIIIBD. 



8> 



• The line bd, ther^for^ cannot cut the circle, but nuft 
fall 'Wholly without it, and be a tangent to it at the point- 
By ai was to be (hewn. • 
Scholium. Aright line cannot touch a circle in 
more than one point, for if it met it in two points it would, 
fall wholly within the circle (III. 2.) 



PROP, XL Theorem. 

"* From ia given point to draw a tangent to 
a giVen circle. . ' 




Let A be the given point, and fdc the given circle ; 
it i& required from tl\e point A to 4i^w a tangent tp the 
circle jdc, , ! . 

Find ^9 the centre 9f,the circle ebc (IIL L)» ^4 
join £A; and from the point £» at the dii^s^^iyk, 
defipribe the circle gab. 

Through th^ point d, draw J2B at right angles ta £4 
(L ll.), .andjoin £B, AC; and AC will be U^ plangent 
required. . 

For, finte £ is the centre of the circles. .tdc» gab,;^a 
is^qualtoEB, and ed to ec. , , . * 

And, becaufe the two (ides ea, ec, of tha triangle £A9t 
are equal to the two fides £B, £D, x>jF the triangle ebd, 
9nd the angle £ is common, the apgle sgA will alfpj)^ 
Mual tp the angle edb (L 4,) . 

Q* "But 



v 



v^%t;jkhe 9i\gl« £pii l^i^ a right angle, the angle ttA 
iffci>ifp,.a^right.aftglei ^^r^Qre fincc AC ia pcrpendi^uiw 
jto the diameter Bg, it will touch the; circle FPC, and bf 

f^ W^^i ^^ ^^ ^ (h^ P^^ C (III, iOy) 



PROP. Xn, THj;ORJiHr 

. If a riglit line be a tangent to a circlei and 
finpther right line be. drawn from the^^entre 
to the point of contaO:, it will be perpendi-^ 
pular to the tangent. 







Let thft right line de be a tangent to the circle AM d 
|(he point B, africf, from the centre f, draw the right fine ** 
tv; then will rt be perpeedfcuhr to de. 

For if it be not, let, if poffible, fotofe other rqfht IJil^ 
^^<i Be perpehdicdfar to ni:. • 

' "fHch, Beciiiifiitlie amgfc fgb is a right angfrtif A5!^.)j 
|he angle fbg will be lefs than a right angle (I. ti.) 
* !ftnrf, Ttntt Alt greater fide of every triangle itf oppofite 
to the greater angle (I, ITiJ*, tl^fe fii^ fb will be grtst€i 
ifiiRi^ the (Kie fQ, ' ^ " '- 

^ But fb' iirfeqttal td fc ; therrf<W<? tt wr?f alfoBcgreatej 
Utanr.FO, i p^ gtacer than the v^faole, wliiclt it fair; 
poi&b}^^. 

4 Tfet 
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The line fg, therefore, cannot be perpendicular to 
D£ ; and the fame may be demonfirated of any other line 
but FB ; confequently fb ia perpendicular to de. 

Q.E.D- 

PROP. XIII. TutoKtu. 

If a right line be a tangent to a circtcy 
and another right line be drawn at right 
angles to it^ from the potnt of conta6):» it 
will pais through the centre of the* circle. 



> ^ 




Let the right line D£ be a tangent to the circle acb at 
ibe point b ; then if ab be drawn ^t right angles to P£« 
from the point of conta£l B^ it will pafs through the centre 
pf the circle. 

For if it does not, let F, if poffible, be the centre of 
ihe circle: andicHnFB. 

Then, fince i>£ is a tangent to the circle, and tf^ is a 
right jiine dra\vn from the centre to the point of cotktd£kf 
the angle FBE'is a right angle (UL \2,) 

3ut the angle ab£ is alfo a right angle, by conilruc« 
tion; whence the angle FBE.is eijual to the angle abe , 
the lefs to the greater, which is impoflfible. 

The point f, thereibce, is not the centre; and the 
fome may be flwwn of any other point which is out of 
the line ab ; confequently ab muft pafs through the" 
f entrft of the circle, as was to be ibewn. 

PROP, 
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Then,. iitiC9 an angle at ihie centre of a circle it doi^Ie 
to that at the circumference. (III. 14.), the. angle b^c 
vill be h^f the angle b£c* 

. And, for i^^ fame reafon, the angle bdc will, alfo» be 
})alf the angle B EC. 

• But thkigs which are halves of the fame thing are equal 
to each other ; confequently the angle B AC is equal to the 
sui^eBpc* . 

Again, let the fegme^t badc be not greater titan M 
leinicir^Ie;^ :.,.;.: 

Then, (ince the right lines bd, ac interfe^, fach other, 
in F^ the angle bfa will be,jequal to the oppofite a^le 
3^FC (I. 15.) ^ 

AncT becaufe the fegment abcix is greator tkta t feroim 
circle, the angles abd, acd, which ftand in that feg-»^ 
ment, are equal to each other (III. 15.) 

But fmce the two angles bfa, ab^f of the triangle 
TBA, are equal to the two angles dfc, FCD of the tri. 
angle ucf, the remaining angle baf^^ or baC| will alfo 
be eqjual to the renuuning smgle fdc* or BX>e. ; 



PROP. XVI. Theorem. 
An angle in a femicircle is a right angle. 




Let ABC be a femiciiale ; <bcn wtU anjr angle Afit, iq 
that femicircle, .be a right angle. 

For, 
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JF'or, find the centre of the circle £ (lit. l.)'ani ^v^ 
the diameter C£D. 

Then, becaufe an angle at the centre of a ^ncle ii 
double to that ^ the circumference (III. 14.} the angle 
▲ED will be double the angle acd. 

And, for the fame reafon, the angle bed will be double 
\he angle BCD.' 

The angles aed, bed, therefore, taken together, aife 
iiduble the whole angle AC B. 

But the angles aed, bed, are, together, equal to tMO 
right angles (I. IS.) ; confcquently the angle acb wJl be 
iitfual' to one' right angle. Q. £. D. 

ConoLL. -The angle baCi which fts^s in a fegmeftt 
greater, than a {emi-circle, is lefs than a right ang^ 
(1-28'.): 

And the angle bcf, which fl&iids in a fegment lefsthan 
9l femi-circle, is greater than a rigRt angle. 



PROP. XVIL Theorem. 

The oppofite angles of any quadrilateral 
figure, infcribed in a circle, ,are equal to tw© 
right angles. 





Let ABC D be a quadrilateral , infcribed in the circle 
hiyt%\ ilfcnf'\«1FtlieS3pporite ahgles i ad, BCD, taken 
tiogether, be equal.to two right Angled. 
• =^ ^ for. 
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Fcpr, draw thie diagonal? AC, bo, and produce the fide 
BA to £. 

Then, becaufe the outward angle of any triangle, ig 
equal to the two inward oppofite angles taken together 
(I. ^8.}, the angle bad will be e:qual to the angles abd> 
ADB. 

And, becaufe all angles in the fame fegment of a circle 
are equal to each othejr (IIL 15.), the angle abd will 
be equal to the angle acd, and the angle a OB to the 
angle acb* 

* The angle £ ao, therefore, which is equal to the angles 

ABO, AOB, taken together, will alfo be equal to the 

.iangles ago, ACB, taken together, or to the whole angle 

SCO. i\ 

But the angles e ao, bao, taken together, are equal to 
two right angles (II 13.)^- confequently the angles bcd, 
BAO, taken together, will alfo be equal to two right 
angles. Q. £. D. 

COROLL. tf any fide ab, of the quadrilateral abco, 
. be produced, the outward angle £A0 will be equal to the 
inward oppofite angle bco. 



.) 



PROP. 
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PROP. XVm. Theorbm. .; . . 



.» 



I > 



Through any three points, not fituate in 
the fame right line, to defcribe the circum- 
, ference pf a circle. 



.i <t 



^ It • J 




Let A, B, c, be any three points, not fituate in the 
fame light line ; it is required to defcribe the circum* 
ference of a circle through thofe points. 

Draw the right lines AB, BC, and bifefl them with the 
perpendiculars dh, eq (I. 10 and 11.) ; and join DE.' 
- * Then,' becaufe the angles fed, fde are lefs thantw© 
right angles, the lines dh, eg will meet each other,' in 
fome point f [Cor. I. 5?5.) ; and that point will biSthc 
centre of the circle required. 

For, draw the lines fa, fb and fc, 

Then, fmce ad is equal to t^'a^ df common, and tlic 
angle adf equal to the angle fdb (I. 8.}, the fide fa 
will alfo be equal to the fide fb (I. 4.) 

And, in the fame manner, it may be fhewn, that the 
fide FC is alfo equal to the fide fb. 

The lines fa, fb and fc, are, therefore, all equal to 
each other ; and confequently f is the centre of a circle 
which will pafs through the points a, b and c, as was to 
be ihewn. ^ 

SCHO. 



$6 £L«itcKT« or CeOStSTRT. 

ScHO. If the fegment of a circle be given, and any 
three points be tjken in the circumference, the centre of 
4he circle fhay be iound, as tbove. 



1 1 



PR O P. XIX. Theorim* 



If tfce oppofite angles of a quadrilateral, 
taken together, be equal to two right angles, 
a circle may be defcribed about that quadri* 
lateral. 




Let A3 CD be a quadrilateral, whofe oppoflte angles 
DCB, DAB are, together, equai to two right angles : thfiii 
^ay a circle be defcribed about that quadrilateral. 

For fince the circumference of a circle may be de- 
fcribed through any three points (III. 18.), let e be the 
centre of a circle which paffes through the points D, c, b ; 
and draw the indefinite right line efa. 

And if the circle do^ not pafs through the fourth point 
A, let it pafs, if poffible, through fomc other point f, in 
tbe line ea, and draw the tines df, fb, and bd. 

Then, fince the oppofite angles bfd, dob are, together, 
equal to two right angles (III. 17.), and the angle;! bad, 
DOB are alfo. equal to twojright angles {by Hyp.)^ the 
angles BFD, dcb will be equal to the angl^p3AD, dcb. 

And 
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• And ify from each of thefe equals, there be taken the 
tagle DCB, which is common to both^ the remaining 
angle bad will be equal to the remaining angle bfd ^ or^ 
which is the fame thing, the two angles dfe, efb will 
4)e equal to the two angles da£, eab, which is impod 
fible (I. 16.) 

*• The circumference of the circle, therefore, cannot pafs 
through the point f i apd the fame may be demofifirated 
of any other point in the line ea, except the point a; 
whence a circle may be defcribed about' the quadrilateral 
ABCO, as^was to be (hewn* * .- ' 



PROP. XX. Theorem. 

Segments of circles, which ftand upon 
equal chords, and contain equal angles^ are 
equal to each other. 





Let ACB, DFE be two fegments of circles, which ftand 
upon the equal chords ab, de, and contain equal angles ; 
then will thofe fegments be equal to each other. 

For let the fegment dfe be applied to the fegment acb» 
fo that the point d may fall upon the point a, and the line 
DE upon the line ab. 

Then, fince de is equal to ab (hy Hyp,), the point E 
will fall upon the point b, and the two fegments will co- 
incide with each other. 

^^ H • For 
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For if they do not, .there muil ibe iome point, in the cir- 
cumference of one of them, wiuoh vrill fall either within 
pr without the other. 

LQt the poiiijt F^ in the circumference of the circle p r e^ 
he^t point ; which fuppofe tp fall at g witibi^ the ci^d^ 
ACB ; and draw the lines agc, bc and eg. 

Then, fince ftie outward angle aqb, of ithe tfi^t^gle 
B€G, is greater than the inward opj^gfite angle cgb, it 
will alfo be greater than the angle D F£, which is eqvi^l t^ 
gx:b, or ACS (iy Hyp.) y 

But the angle agb is alfo eq^ual to ihe a^gle dfis, be? 
caufe the fegments in which they ftand are identical ; 
whence they are equal and uifbqual at the fame time^ 
which is abfurd; 

The ppint ^, therefore, canngt f^U within the cifcle 
ACB ; and in the fame manner it may be fhewn that it 
cannot fall without it ; coniequently the fegments muft 
coincide, and be equal to each Qtjiei\ Q. E. D. 

C o R o L L . Segments of circles, which fland upon equal 
chords, and jcontain equal angles, have equal circum- 
ferences. 



•^ 



PROP. 
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P R O Pi XXI* Theorem. 

tn equal circles^ equal angles ftand upon 
tequal arcs, whether they be at the centm 
or circumferences j and if the arcs be eqnalu 
the angles will be equaL 





Let ABC, o£f be two e^ual circles, having tbe ahgtei 
Agb, dhE) at their centres, equal to each other, as aI(o 
the angles- ACB, dfej at their circumferences ; then will. 
the arc A KB be equal to the arc dl£« 

For, join the points AB, DE : th'enj fince the circlei 
are equal to each other {iy Hyp*), their radii and circum« 
ferences will alfo be equal (III. 5.) 

And, fince the two fides AG, GB of the triangle abC» 
are equal to the two fides dh* he of the triangle DBir;^ 
and the afigle agb to the angle DftX {iy Hyf»}f ^^^ 
bafes AB, DE will likewife be equal (1*4.) 

The chord ab, therefore^ being equal to the chord de^ 
and the angle ACB to the angle die (fy Hyp,), the arc 
fiCA will alfo be equal to the arc efd {C$r. III. ^0.) 

But fince the whole circumference of the circle abc, is 
equal to the whole circumference of the circle def, and 
the arc bca to the arc efd, the arc AKB wilt alfo be 
equal to the arc DLE* 

H Z / Ag^nt 
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Again, let the arc akb be equal to the arc dle ; then 
will the angle agb be equal to the angle dhe, and the 
angle acb to the angle dfe. 

For, if AGB be not equal to dhe, one of them muft 
%e greater thin the other j let agb be the greater ; and 
;4nakethe angje agk equal to i>H£ (1. 20.) 
: Then^ fince equal angles, ftand upon equal arcs (III. 
21.), the arc ak will be equal to the. arc dle.. 

But the arc dle is equal to the arc akb (ly Hyp,); 
whence the arc ak. is alfo equal to the arc akb ; the lefs 
to the greater, which is impoffible. ' 

The angle AGB,#therefore, is not greater than the angle 
DHE ; and in the fame manner it may be proved that i^ 
cannot be lefs ; coijfequently they are equal to each other. 

And iince angles at the centre are double to thofe at the 
circumference^ the angle acb will alfo be equal to the 
.angle DFE. Q.E.D. 

PROP. XXII. Theorem. 

In equal circles, equal chords fubtend 
equal arcs ; the greater equal to the greater, 
2^nd the lels to the lefs ; and if the chords he 
equal the arcs will be equal. 





Let ABC, DEF be two equal circles, in which the 
chord AB is equal to the chord D£ ; then will the arc 

ACJI 
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ACB be equal to the arc dfe, and the arc akb to the 
arc DLE. 

For, find G, h, the centres of the circles (III. 1.), and 
join GA, GB, HD and he. 

Then, fince the circles are equal to each other (by 
Hyp.) their radii ^nd circumferences will alfo be equ^ 
(III. 5.) . . 

And, fince the fides AG, GB are equal to the fides 
DH, HE, and the bafe ab to the bafe de [by Hyp,)^ the 
angle agb will alfo be equal to the angle dhe (I. 2^.) 

But equal angles, at the centre^ of equal circles, fiand 
upon equal arcs (III. ^1.) ; therefore the arc akb is equal . 
to the arc dx.b. 

And fince the whole circumference of the citck ABC i$ • 
equal to the whole circumference of the circle .def, and 
the arc Akb to the arc dle, the arc acb will alfo be 
equal to the arc dfe^ 

Again, l?t ABC, def be two equal circles, of Which ' 
tbe arc akb is equal to the arc dle ; thpn will the chord. 
AB be equal to the chord op, 

For let g, h be the centres of the circles, found as be- 
fore ; and join AG, GB, DH and H£t 

Then, fince the circles are equal to each other {by ^ 
Byp.)i the radii AG, QB wijl be equal to the radii DH, 
HE (111.5.) 

And becaufe the arc akb is equal to the arc dl5 (by 
Uypp), the angles agb, dh?, at the centres, will be equal 
(lU. ^1.) 

But, fince the two fides AG, gb are equal to the two 
fides DH, he, and the angle agb to the angle dhe, the* 
bafe AB will alfo be equal to the bafe pg (1. 4, J Q» E.D, ^ 

' Hs PROP, 
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PROP. XXIII, Problem- 

To bife^; a given arc, that is, to divide it 
iilto two equal parts^ 



^^ 



Let ADB be th^ given ^rc ; it i$ required to divides i| 
lAlo tvror equal parts; 

Draw the right line AB, which tifeft in c (1. 10.) ; and, 
{torn the point c, ere£l the perpendicular CD (L 11.) 9 
then will the arc adb be bifefled in the point D, as was 
required. 

For, join the points ad» pb : then, fince the twp 
fides AC, CD, of the triangle ADC, are equal to the two 
fides BC, CD 6f jthe triangle bdc, and the angle acd tq 
the angle bcd (I. 8.), the bafe ad will be equal to th^ 
bale db (1. 4.) 

And, becaufe dc, or dc produced, pafTes through the 
centre of the circle (III. 1 Cor.), the fegments ADP, Bhf, 
will be each of them lefs than a fj^micircle, ;>r 

But equfd chords are fubtendpd by equal furcs, the 
gieater^equal to the greater, and the lefs to the left (III^ 
S2.) ; whence the chord ad being equal to tl^ chord DB, 
the arc aed will be equal to the ^rc dfb, Q.E.I, 

Scholium. An arc of a circle cannot, in general, be 
trifeQedf or divided into three equal parts, by any kiio^n 
fo^tbodi wbiph is purely geometrical; 

?ROP, 
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PROP. XXIV. Theorem. 

The angle foimed by a tangent to a circle 
iCud a cfeord drawn from the point of con- 
t^£ly is equal to the angle in the alternate 
fegment. 




Let BC be a tangent to the circle afde, and av a 
chord drawn from the point of conta6l ; then will the 
angle gas be equal to the angle AFfi in the alternate 
iegment. 

For draw the diameter AD (III. 1.) and join the 
points F) D : 

. Then, becaufe BC is a tangent to the circle, and ad 
iJ5 a line drawn through the centre, from the point o( 
contaift, the angle d AC will be a right angle (III. 12,) 

Aiid, becaufe afd is a femi-eirdle, the angle dp A will 
alfo be a right angle (III. 16,), and equal to the angle 

DAC. 

But fince all angles in the fame fegment of 'a circle 
are equal to e»ch other (III. 15,), the angle dfe will be 
equal to the angle dae. 

If, therefore, from the equal angles DAC, dfa, there 
be taken the equal angles d AiS, dfe, the remaiiting angle 
GAi: will be equalto the remaining atigle Af £• Q.S.B^ 

H* PROP. 
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PROP. XXV. Problem, 

Upon a given right line to defcribe a feg« 
mient of a circle, that (hall contain an angle 
equal to a given reftilineal angle. 





Let AB be the given right line, and c the given reSi, 
lineal angle ; it is required to defcribe a fegment of a cir^ 
ele upon the line ab that ihall contain an angle equal to c. 

Make the angle bad equal to c (I. 20.), and, from the 
|»oint A, draw ae at right angles to ad (I. 11.) and make 
the angle abf equal to the angle fab (I. 20,) 

Then, fince the angles abf, fab are equal to each 
other, and lefs than two right angles, the fides af, fb will 
meet, and be equal to each other (1. 25 Cor. andl. 6.) 

From the point f, therefore, at the diftance F A, or fb^ 
defcribe the circle A£B, and ab£A will be the fegment 
required. / 

For let AF be produced to cut the circle in e ; an4 
join the points £, b. 

Then, becaufe ad is perpendicular to the diameter AE, 
it will be i taiigent to the circle at the point A (III. 10.) 

And, becaufe ad touches the circle, and ab is a 
(Ibiprd 4r^wn from the point of conta£l9 the angle bad 

wiU 
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will be equSil to the angle aeb in the alternate fegmont 
(III. 24.) 

But th(3 angle bad is equal to the angle c, by con* 
ftru£lion ; confequently the angle aeb is alfo equal to 
the angle c, Q.E.L 

Scholium. When the given angle is a right angle, a 
{ejm-circle defcribed uppn the given Jine will be the feg- 
pient required (III. 16.) 



PROP, XXVI, Problem. 

To cut off a fegment from a given circle, 
that fhall 'contain an angle equal to a given 
ire6lilineal angle. 




Let ABC be a given circle, and d a given re£l:ilineal 
angle ; it is required to cut off a fegment from the circle 
ABC, that {hall contain an angle equal to d. 

Draw the right line ef, to touch the circle abc in the 
point A (III. 10.), and make the angle fab equal to the 
^ngle D (I. 20.) ; then will abca be the fegment re- 
quired* 

For, fince ef is a tangent to* the circle, and ab is a 
chord drawn from the point of contaft, the angle fab 
-will be; equal to th^ angle acb in the alternate fegment 
(W. 24,) 
.^ But 



/ 
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• Bat tlievangfe fab k^eqsal tb theatgile. d^ by ca^- 
ilruflion; confequently the angle ACB, in the fegmeni^ 
▲&c A, k sJio equal ta the angle d • Q. £.1. 



PROP. XXVII. Tmoreh. 

If two right lines in a circle interfed: each 
other, the reftangle contained under the feg* 
ments of the one, will be equal to the reft^ 
angle contained under the fegttenter of the 
othep. 




Let AB, cq be any two rfght lines, in the circle acbd, 
interfering each other in the point F ; then will the reft, 
angle contained under the parts af, fb of the one, be 
^qtial to the refiangle contained under the parts CF» fd 
of the other. 

For, through the pomt f, draw the diameter Hr (IIlv 
I-.); and, from the centre £, draw bg at right angles to 

ABi (I. 1^.)» ^"d ]^^ ^< • 

Then, fince aef is a triangle, and the perpendiculai^ 
EG divides the chord ab into two equal parts (III. 3.)^ 
ike line fb will be equ^ to the difference of the fegments 

AG, GF. 

' And» becaufe s is the centre of tb^ circle, and a£ itf 
equal to £1 or EH, the line fx will be equal to thefum-of 

the 
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fiht fides AjE and ef ; and fh will be equal to their dif*. • 
lerence. \ ■ 

.But the refiangle under the fum and difference of the 
iwo fides of anjr triangle, is equal to the reAangle under 
|iie bafe ami the di£krence of the fegraents of the bafif 
(Cor. 11. 16.) ; whence the reOan^ of if » fh is equ^ ta 
^e re£bngle of af, fb» 

And, in the fame manner, it may be proved, that the 
jreQangle of if, fh, is equal to the r^flangle of dF, Fd : 
confequently the refbuigle of af, fb is alfo equal to tho 
jre£langIeof ]>F» FC. ^ Q.E.D. 

ScHO LiUM. When the two lines interfefl; each other 
in the centre of the circle, the re£langles of their fegments 
fvill manifeftly be equal, becaufis the fegments themfelves 
ijyp all equal, 



\ * 
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PROP. XXVIII. Theorem. . 

. I£ two right lines be drawn from any 
jloiht without a circle, to the oppofite part 
of the circumference, the re6langle of the 
whole and external part of the one, will be 
equal to the reflangle of the whole and 
external part of the other. 




Let ADFB be a circle, and AC, bc any two right lines, 
drawn from the point c, to the oppofite part of the cir« 
cumference^; then will the reftangle of ac, cd be equal 
to the reftangle of bc, cf. 

For, through the centre e, and the point c, draw the 
right line CH ; and, from the point e, draw eg at right 
angles to ac (I. 1^.) and join A£. 

Then, fince aec is a triangle, and the perpendicular 
EG divides the chord ad into two equal parts (III. 5.), 
the line dc will be equal to the diflference of the fegments 

AG, GC. 

And, becaufe e is the' centre of the circle, and ae is 
equal to £H, or £i, the line hc will be equal to the fum 
of the fides AE, EC, and IC will be equal to their 
difierencet 
.'.•■• ' But 
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But the re£langle under the fum and difference dF the 
two fides of any triangle, is equal to the re6langle undei^ 
the bafe and the differenee of the fegments of the bafe 
(Cor. II. 16.) ; whence the reflangle of hc, ci is equal 
^o the reftangle of AC, CD. 

And, in the fame manner, it may be proved, that the 
re6langle of HC, ci is alfo equal to the re3angte of 
CB, OF : confequently the reftangle of AC, CD wrll b^ 
equal to the re£langle of cb, of. Q.E.D. 



PROP. XXIX. Theorem. 



If two right lines be dmwn from any 
point without a circle, the one to cut it, 
and the other' to touch it ; the re6tangle of 
the whcde and external part of the one, will 
be equal to the fquare of the other. 




Let CB, CA be any two right lines drawn from the 
point c, the one to cut the circle A dbg, and the other to 
touch it; then will the reftangle of CB, cf be equal to 
the fquare of CA, 

' For, 



^10 ELEMBITTS 07 CEOSiXtRY. 

Eor, find £, the centre of the circle (IIL I.), anci 
ihroiigh the points e, c draw the line ceg ; and join ia : 
: Then, fince AC is a tangent to the circle, and £A is a 
line Atvwn from the centre to the point of contact, the 
angle cae is a right angle (III. \2,) 
. Aad,. bec<Hife £A is equal to eg, <^ DDf the line CG 
l^ill be equal to (hie fupgi of JSA, EC, and CP will be equal 
tP their diffefpnce, 

SiA£$» tiierefore, the red^ngle under th« fum and OSm 
fcrence of any two lines is equal to the diflFerence of their 
fquares (IL 13.)*, the reftangte of CG, CD will beeq^al to 
the differente of the fquares of CE, e A. / 

But th^ difference of the fquares.of cjs, t a. is equal to 
the fquare of c a [Cor. II. 14.) ; therefore the re£langle of 
C99 G9 win alio be equal to the' f(^are of c A* 

And it h^s been fliewn, in the laft propofition, that the 
,re£langle of cg, cp is equal to the re£langle of cb» cf ; 
confequently ^he re6langle of CB, CFi will alfo be equal 
to the fquare of c A. Q.£*D« 



PROP. 
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PROP. XXX. Theorem. 

If two i^ght lines be drawn from a point 
without a circle, %he one to tut it, and tke 
other to meet it ; apd if the reftangle of tkn 
whoh aqd. «xtQri)9i[ pa^t of the one be equal 
to the fi]ua#e of the other, the latter will b« 
a tangent to the circle. 




Let AB» AC be two right lines, drawn from any point 
A, without the circle cbd, the one to cut it, and the 
other to meet it :_tben, if the re£langle of ab» ae be equal 
to the fquare of AC, the line ac will be a tangent to the 
circle. 

For, let F be the centre ; and from the point a draw 
AD to touch the circle at D (IIL 10.) ; alfo join fd 

f A, FC* / 

Then, (ince ad is a tangent to the circle, and A£B 
cuts it, the re3angle of ab, ab is equal to the fquare of 
Ab (III. 29.) 

But the re6bngle of ab, ae is alfo equal to the fquare 
of AC (ty Hyp.) ; whence' the fquare of ac is equal to the 
fquare of ad, or ac equal to ad (II. S.) 

I And, 
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And, becaufe fc is equal to fd, ac to ad, and af 
common to each of the triangles afc, afd, the angle 
ACF will alfo be equal to the angle adf (I. 21.). 

But, fince ad touches the circle, and df is aline drawn 
fl'om the centre to the point of conta£l, the angle adf is 
aright angle (III, \2.) 

The angle acf, therefore, is alfo a right angle; zni 
CF produced is a diameter of the circle. 
• And fihce a right 4ine, drawn from the cni of- the dia- 
meter, at right angles to it, touches the cii%l^ [IIL 10.)» 
AC will be a tangent to the circle CBD, as was ^o be 
iheWn. 
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'DEFINITION^. 

1 » One re£lilineal figure it faid to be i»rcribe4 in 
ther, when all the angles ^ $he one are in the fides of 
the other. 




• ^ ■*■ 






S. One reflillneal figure is faid to be sleftribed MbofuH 
another, when all the fid^ ^ the one pafs through the 
angular points of the oth(sr« ^^ 




8» A rectilineal figure is faid to be infcribed in a circlet 
when all its angular points are in the circumference of the 
circle. 




4. A re£tilineal figure is faid to be defcribed about « 
circle, when each fide of it touches the circumference of 

f 

the circle. 




6. A 



114\ ELSlfENTS OF OEOMBVUY. 

J. A circle is fald to be infcribed in a re^lilineal figure, 
when its circumference touches every fide of that figure* 

n 

6. A circle it ftid to be defcribed about a reftilinead 
figure, when its circumference pafles through ^ th» 
9Dgfikt iM>iota of that figure. 



O 



^ 9. A right line is faid to be placed, cyr applied, in t 
circle, when the extremities of it are in the circum* 
ference of the circle. 




^ '^, All plane figures contained under more than four 
fides are called polygons ; and if the angles, as well as 
fides, are all equal, they are called regular polygons. 



O 



•M 



9. Polygons of five fides, are called pentagons ; thofe 
of fix fides hexagons ; thofe t>f feven heptagons ; and 
Xo on. ' 






PROP. 
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PROP; 1. pROBLEk, 



* * ^o pk(C6 a right KttB in ' a given cllrcle, 
eq^nal 1to a giveik tight line^ not gisater thian 
^e diaft&eter of-the cirde^ ' ■'^' " ' 







• . 1 * 






Let ABC bt a giv^n circle^ and d a given right Ime^ 
Apt greater than the diameter ; it is required to place a 
line in the circle ABC th^ Ihatl^be equal to D. 

Find the centre of l^e circle (III. 1.), and draw 
tay diameter ab ; then if ab be equal to D the thing 
required is done, 

. But if not> make ab equal to d (h S.} ; and from 
^e point A\ at the diftance A£, defcribe the curcle fec, 
cutting the former in c. 

Join the points A, c ; ana AO will be equal to d^ as 
was required. 

For fincfe a ii the centre of the circle csf, ac is equal 

•|0 AEk ' ■ ' '' 

But D is alfo equal to ae, by conAruflion; whence 
AC is, likewife, equal to p. 

In the. circle ABC, therefore, a right line has beeo 
placed equal to D, which was to be done« 

/ • 
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PROP. II. PROBLiNn 

To infcribe a triangle in. a ;givea.cm5le, 
that fliall be equiangular to a given triangle* . 



\ 





Let ABC be tlie giveh circle>«nd def the given trian* 
gle ; it is required to inrcribe a triangle in the circle A9C» 
tiiat fiiall be tquiangiriar to the triangle J6 fe F . 

Dlraw the Vight line gh to tdnch the efrcle ABC iii 
the point c (III. 10.) ; and, make the angle HCB 6qUal td 
tlie atog!e d fl. 50.), and the aftgle fecA to the angte "E ; 
and jbin Ai ; ' then will acb be the triahgle required. 

For,^fince the right line GH is a tangtmt to the'cifchfe, 
irid CB ii a chord drawn from the pWnt of coritafi, the 
angle HCB will be equal to the angle cab in die altematfc 
fegment (III. 24.) 

But the angle HCB is equal to the ahgle d, by con. 
firu6lion ; therefore the angle cab is alfo e(^ua1 to thtfc 
langle d. 

And, in the fame manner, it may be proved, that the 
angle cba is equal to the angle E. 

But, fmce the angle cab is equal to the angle D» and 
tlie angle cba to the angle £, the remaining angle acb 
will alfo be equal to the remaining angle f {Cor. I. JW.), 
and confequently the. triangle acb is equianglar to the 
triangle def* Q. £. D. 

• 

PROP. 
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PROP. III. Problem. 

To circumfcribe a triangle about a given 
circle, that fha]l be equiaqgiilar to a ^ivefk 
triangle* .. 



^♦> ,•■*'♦ i». ,. / 





^ Let: ABC be the given circle, and def the given tri* 
angle ; it is required to circumfcribe a triangle about the 
circle ABC tbat,fiiall be equiangul^ tq the triangle def. 

Produce the line ef to o and H ; and, at the centre i, 
make die angles aib» bic equal to the angles de^/dfh 
.(1.20.); and draw the lines mk, kl, lm, to touch the 
circle in the points a, b, c (III. 10.) ; and join ab. 

Then, fince the angles iak, kbi, are, each of them, 

a right angle (III. 12.), the angles bak, kba, taken 

. together, will be lefc than two right angles. 

, Bijl when a right line interfefts two other right lines, 

. and makes the two interior angles, on the fame fide, to* 

. ffsxhsr lefs than twa;right angles, thofe lines will, if pro- 

duced, meet each other (I. 25. Cor,) 

The line MK, tjiprpfore^ pi.e^s die line kl ; and, if 
A, C» c, b be joined^ the fame may b/e proved of the lines 
KL, LM and mk; confequently the figure klm is a 
triangle. 

And, becaufe the four angles of the quadrilateral aibk 
are equal to four right angles {Cor. 1. 28.), and the angled 

I ^ ; lAK^ 



ll8 ELEMENTS OF ©EO'METRr, 

IAK> KB I are each a right angle, the remaining angles 

.yviB, BKA \^\l\ be ec^ufi to iyfo right an^glet. 

But the angles deg« D£F are alfo equal to two right 
^^gl^s (I* 1^*) J thfr^fore* finpe the. angle D£G i^ equal 

to the angle aib (iji ConjS.)^ the rem^inipg angle bka will 

he equal to the remaihing angle det* 

And, in. the fame manner, it may be proved, $)iat the 

angle clb is eqtifil to th^ atiigle df£. 
r 'The angle MKl^ . t^ercfo^^, being equal tp the angle 
jj^^Ef , ^nd tli9 angle M^|o the ang^e df^^ %h^ remain-. 

ing angle km i' will alio ^be equal to ih^ remaining angle 
^£DF ; apd confequently the trmgle KLM h e(}uiangular 

to the triangle ??D, Q.J^^D^ 

•:•:?.. . . -: . ; .. 

PROP. IV. Probxem. 

111 a giv^n triangle to infcribe a circle^ 




' -'^ 'f • yCA'RNiA-j-. ■•/ 



Let Afc be the given triangle \ it is re<^uired to infcrihe 
a circle in it. 

Bife£l the angles CA|t, ABC. with the righ^ lines Al>^ 
I)B(I.9.) , - ! 

Then, ({nee ^he ^nglei^ fiV^B, DBA ^re lefs than two 
fight angles (I. 28.), the lines ad,. D^,. will, |f pjpoduced^ 
meet each other (I. ^5 • Con) 

And, if frojpfi the poi^t gi interfeflion a, there be drawn 
the perpendiculars df, pc 4nd db. tbqr,wil} b9 the radii 
of the circle r^quired^t i 

• ^ For, 
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. foTs fince the angle ead is equal to the angle daw 
(if Cmift.)^ and the angle aed to the angle DF A» (beii|g 

; each of them right angles), the remaining angle SDA VPiU 

' alfo be equal 'to the remi^nihg angle adf (L £S. C^f.) 

The triangles ade, i)AF» therefore, being equiangulaTi^ 
and having the fide ad common to botbf the fi4e> j>e will 

^^ 9lfo be equal to the fide bf (L ^1.) 

And, in the fame manner, it inay be proved* that the 

^(fide DG is equal to the fide 0F« 

^ . The right lines dis.^ dg and Df are, therefore, all equal 
to. each other; and the angles at the points f, s andO 

..fure right aijgles, by conflruAion* 

, Xfy iberefore, a circle be def^ribed from the centire-D» 
v^ith either of the diftances de, dg or df,' it will to\ifh 
the fides in the points £, g, f (III. 10.) and be ini!pribfd 
in the triangle ABC, as was to be iontu * i 

• ■ ^» I > 

\ . 

P R O P. y. Problem. 

To circumfcribe a circle about a given 
triangle. 




. 1 



l^ ABC be the givei^ triangle ; it is required to tir- 
cumfcribe a circle about it# 

Bifefl the fides AC, cb with the perpendiculars DE, £B 
(!• \^$nd il.); and join df«. 

J4 ^ then^ 



r Thbii) linbe thk angles XDr, dfe are leffi tbinltwo 
«^ttghlt;anglea [hj£ofift^)r thelineg D£, b:^ will me^te^^ 
hj^im [I. is . C({ri) f 

vLet j£, therefore, be t^ir ^oint o£ tntbrf^ion, aiid 
jiliraw tbe Jines £ A. £C and jelb. . . 
ii . Thibn^Becauiis.abvisiequal to dc (^ r^ij/Sij, d£ com* 

mon, and the angle A0£.^^ual to the angle £i>€ (being 
:■ ^Ch bf ,fiiem-*i]giit an^eB)}.the iiafe jfL£ wdll alfb be equal 

to the bafe EC (L 4.) .- ' ^ 

^ Ani, inlhefame2iituiner,,]t tn^^bepto^sod^ that £C 
oitf e^ual^tD SB ; conibqnentiy £^a» £C.and ;£aice aUequf^l 

to each other. - . . 

v^ 'Ifi^thetefore, ^ circle be defcribed from the poikit £, at 
'iftitfa^r of t&&diflanc6S ea, £C or £b, it wiU paft through 
bthe reimatiliDg poiUftSv and circumfcribe the triangle abc, 

as was to be done* 



PROP. VI. Problem- 



. To inscribe a fquare in a given circle* 




• • - 

Let ABCD be the^^venciitle; it is required to in- 
fcribe a fquare in it. 

irtiiW|g(h fr, the ccnti?6 of Ite drtte/iiw any two 
diameters AC, bd at right aitgles to each other (1. 1 1, 1^.}, 
^ndjaiti'Aj)/>Ci <u>''2Uid da; then wffl scDa be the 

fquare required. -^ • '• ^ 

•»* i For 



•v 



^:. ,fof,(iiice the. two fifles B£, E'A, areequa^to the two 
.fidef £ii), £Ay and the amgle B£A to th^ angle ^Pt ^>^ 
,*%,!6iich pf.them right aisles), tbQ t>SLf^ 'AAjifill be ifl^ 
to the bafe ad (I. 4.) . - 

.Ap4i in the fame manner, it may.bf? prave49 that the 

jG4e9 Bq, po are each.ec^i^ t9 the iides sX,; ad; whence 

the figure BCD A is equilateral* , , 

; Jtin.ayQTQfts^Pgular : fofj fince bda :i»,a fexni-circle, 

. Ibe an^le bad, ia ^ KigH. angle (III. 1^.). 

... Ai^i:£orthefaix^ ree^Qh, fJbe aisles abc, bco and 

CD A are eacl^ of tbem.r^ht angles. 
. ) iXfae. figure BCDAr tbcf^TCi being equikterat, and 
liAving alt Its. angled rigb^ angles is a fq.uare> and it is 
iaffvibed in the circle AJftC^, as was tp be doae* 



P H O P. VII. pROitiT^. ' 

To circumfcribe a fquare about a given 
circle. T 




Let ABCD be the given circle; it is required to cir« 
cumfcribe a fquare about it. 

Draw any two diameters AC, BD at right angles to 
each other (I. 11, 12.) ; and through the points a, b, c, d, 
draw the tangents KF, FG, GH, hk (III. 10.) ; and 
join ab. ^ 

Then, 



A ./ 



K^ SLBIIBNTS 0«^ GEOlCJ&tltT. 

' TTicnt, fince the angles eat, eBf are, each of ^lientt 
; right angles (III. 12.)^ the angles fab, fba will be, to« 
'gc&lier, lefs'than iwo right angles; whence the lines rf, 
FG will meet each other (I. ^5. C(7r.) ^ 

And,'if the points a,d, d,C and c,B:b^ jpimfii 1^ may 
-be proved, in like manner; tbat all the other lines fk* 
JCH, HG and GF will meet- each other. 

And, finee the angles at the points A^ b, c, d are right 
angles (III. 1^.}, as alfo die angles at the point £ (iy 

Con/l.) the figure fh, and all thie parts into which it is 

divided, will be parallelograms (h 22y 23.) -> 

*^^ But l3ie oppofite fides i^f ]paraUebgribnr at^ e^l to 
'each other (I. SO.) ; whence the fidet rG,-'^1l,' Htt'^a&d 

KF, l^ifig each ^ual to -the ^disfisiet^r ACi^K^'WB^ the 
'^'-Bgure FH will be equilateral. ^^• 

' it 18, alfo, reftangular : for fince f e is a parallelograhi, 

and BEA.ii^^ right angle (^ Conji.), t^e angle f wfll, 

alfo, i)e a right angle (I. 28. Cm) 

And, in the fame mjmner, it may be proved, tha^ the 

ingles G, H and k are right angles. 
'' "Ifhe figure Fk, therefore, being equilateral, aii<!'hav^ 
• ing all its angles right angl^ is a fquare ; and it is ctr^ 

cuidfcribed about Ae circle abcj), as was to be done« 



ti 
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PROP, VIII. Problem* 



I . 



To infcrib? a circle in a given f(][uare. 




Let ABen be the given Tqu^re ; it if requixied to ui» 
fcribe a circle hi 4t» 

Bife£l the fides AD, ab in the points f and o (I. I0t)« 
and draw fh, c^ pjurallel to ab and ad (L 27«); th^ 
l^ill the ppint of interfe£lion £ be the centre of the circlo 
required. . ^. 

For» fince ae is a parallelogram {}jC9mft*\ the fide 
AF will be equal to the fide CE^ ax&d the fide AG to the 
fide EF (L SO.) . 

But the fide af is equal to the fide AC, (being each of 
them equal to half the fide of the fquaie ad or ab)» 
Ifhence the fide. GSvUIalfo be equal to the fide ef« 

And, in the famie manner, it may be proved, that HBt 
EK are equal to ge and ef. 

The lines £;f, EG, eh, and EK are, therefore, all equal 
%o each other ; and the angles at the points f, g, u and K 
are right angles, *by the iiature of parallel lines. 

If, therefore, a circlfe'Be^defcribed from the point e, at 

the diftance ef, eg, eh or ek, it will pafs through the 

remaining points, and be infcribed in the fquare AC, as 

was to be done* ^ ^ 

/ • • • • ■'*'"-■■• 
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PROP. IX. 



To circumfcribe a circle about a given 
fquare. 




t f 



J^- \iet ABCD be the given fqmire ; it is required to cir- 
cumfcribe it with a circle. 

^ Pi;^w the diagonals ACy BD, and the point pf inter-^ 
*(e^ion J, will be the centre of the circle required. 

tor, fince the fides da, AC are equal to the fides ba, 
AC,' and the bafe BC to the bafe CD, the angle d Ac will 
be eqiial to the angle cab (1. 7.) : that is, the angle ^Ai> 
will be bifefted by the line AC. 

And, in the fame manner, it may be proved, that all 
- the other angles of the fquare are bifefied by the Knes 
l>1^ and c A« 

But the angles CD A, dab, being right angles, are equal 
to each other: whence the angles eda, bad are alfo. 
equal to each other ; and confequently the li^e £D is 
equal io the line ea (I. 7.) * 

And, in like manner, it may be (hewn, that the llp^ 
SB, EC are eacn equal to the lines £d, ea ; whence the 
lines EA, £B*, EC and ed are all equal to each other. 

If, therefore, a circle be defcribed from the point £, aL 
either of tlie diftances £A, eb, ec or ed, it will pafi 
through the remaining points, and circumfcribe the fquare 
AC, as was to be done. 

PROP. 
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To inicribe nn ifofceles triangle in a given 
ifixcle, that ftiall have each of the angles at' 
it3 bare.4oub|e ikt angle at the yertei*. 




Let ABC be tfae|;iven circle ; it is required t^ infc^Jb^ 

in ifoiceleB triangle in it, that Ihall have each of the'aa* 

gles at its bafe double the angle at the vertex. 

* Braw any 'diameter ce, and divide the radius- 01^ in 

■4ijb0kh;|^ ^9 fo that die re£hDigfe of ]>z» tf i&ay be equal 

^||uate of ft} (IL 22.} 
^.^iCCKoi the point £ apply the rigdt Knes KA, eb ieach 
f^cnilif te F0* (IV. 1.), and join ab, ac, cb ; then will 
ABC ve the ttianj^e required. 

For, through the points b, F, B ^deferibe th^ ' eirdft 
BDF (III. 18.), and draw the lines bd, bf. 

Then, (ince the re£bngie of D£, £F is equal to the 
fquare of fd, or its equal £b, the line £B will touch the 
circle BDF, at the point B (III;^$0*j 

And, becaufe £b is a tang^^to the. circle, and bf is a 
chord drawn from the poii^ :^:,<cont9d, Ae angle £ b p 
will be equal to the aDffl6>!irSD3r ih' tjh^ alternate fes:ment 

V g i'^*^''- And 




^-;« 



And if, to each of thefe angles, there be added t{i6 
angle fbd, the whole angle due or tzz will be equal ta 
t^e angles fdb^ tBDi taken together* 

But the angle dBe is equal to the angle Heb, or tt^g 
(I.5.), and the angles fdb, fbb to the angle efb(L ^8.}} i 
irhence the angle feb will be equal to the angfe efb^ ibid 
' the fide zb to the fide b? (I. 5.) 

And flnce EB is equal to FD^, hy conftru&ion, 6? wilt 
alfo be 6qual to fd, and the angle fdb to the ^gle 
IBD (I. 5.) 

Thefe two angles, therefore, taken together, are double 
the angle fdb ; whence the angle efb, or its equal F^Bp. 
is alfo double the angle fdb« 

But the angle feb, or ceb, is equal to the angle cab 
(liL 154), and the angle fdb, or edb, to the angle acb" 
(III. 14. and I. Ax. 6.) ; confequently the angle cab isl 
alfo double the angle acb* 

Axid, fince £AC« ebc are right angled triangles (IIL 
16k}j having ea equal to eb {by Conft.) and EC com* 
inon» the remaining fide AC will be equal to the remain- 
ing fide CB (IIL 8. Cor.) 

The triangle abc, therefore^ is ifofceles, and has each 
of the angles at iu bafe double the angle at the vertex i 
"m wai 10 be lhewn« 
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,Ip.a givea circle to inscribe a tefi^ular 
peotagoiu 
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.Let cpABE be the given circle; it is required to in« 
(cnl>e a regular pentagon ih it. 

Make the ifofceles triangle abc fuch, that each of the 
angles CAB, CB A may be double the angle acb (IV. I6.i 

Bifeft the angles cab, c^a with the lines ae, bd ("1. 
9*J» and join the points Ad, DC, C£, £B ; then wiil 
ab]^cd be the pentagon required. ' . 

For, fin ce the angles' cab,' CB a are each double Ihe 
angle acb {hy Cmjl.), and Ihe lines ae, bd bifeft thera^' 
the angles acb, cae, eab, abd and dbc are all equal 

to each other. - - . 

.\ " . . • ■ ■ ■ . - • ■ 

And fince equal angles fisuid upon equal circumferences 
(III.^l.), thearcfSCD, da, ab, Blfi aiid EC arealfo ie^al 
to each other. ."' ^^^s'.- ;v 

But equal arcs are fubtended by equal chcrrds(III.22.}; 
confequently the fides cd, da, Ab, be and EC are, like* 
wife, equal. 

The figure abecd is, therefore, equilateral : and it is 
alfo equiangular. 

For, fince the arc CD is equal to the arc be, to each 
of them add DAB, and the arc CDAB will be equal to the 
arc DABE. 
'I ■■■ But 



tSO ELEMENTS OF GEOMETRY. 

For draw the lines OB, OA and OE, and let fall the per* 
pendiculars OH, pK, OL, of and OG (I. 1^.) : 

Then, becaufe CB is equal to cd ^{by Hyp,), co com- 
inoD, and the angle bco equal to the angle ecD (by Cmji.)^ 
the angle CBO will alfo be equal to the angle odc (I. 7.) 

But the angle obc is equal to half the angle CDE {by 
ConJi,)y and the angle cde is equal to the angle CBA [by 
Hyp') ; confequently the angle cbo is alfo ecjual to half 
the angle cba. 

The angle cba, therefore, is bifefted by the line bo j 
and, in the fame manner, it may be (hewn, that the angles 
at the points a, e are bifefted, by the lines AO, OE, 

Again, becaufe the triangles OGC, och are equiangular, 
and have oc common to each, the perpendicular OG will 
be equal to the perpendicular oh (I. ^i.) 
• And, in the fame manner, it may be (hewn, that OH^ 
OK, OL, OF and OG are all equal to each other. 

If, therefore, a circle be defer ibed from the centre o, 
at either of thefe diftances, it will pafs through the re« 
jnaining points, and be infcribed in the pentagon abcde^ 
as was to be done. 



PROP. 
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PROP. XIV. Problem. 

To defcribe a circle about a given regular 
pentagon. 




Let ABODE be a given regular pentagon ; it is required 
to circumfcribe it with a circle. 

BiicQ. any two angles BCD, cde, with the right lines 
CO, OD (1.9.), and the point of interfeflion g will be 
the centre of the circle required. ♦ 

For, draw the lines OB, OA and OE : 

Then, becaufe cb is equal to CD (by Hyp.)^ CO com- 
fnon, and the angle bco equaj to the angle OCD [by.Conft.)^ 
the angle cbo will alfo be equal to the angle odc (I. ^.j 

But the angle odc is equal to half the angle cde, [by 
Conft,\ and the angle cde is equal to the angle cba 
{hy Hyp.) ; whence the angle cbo is alfo equal to half the 
angle cba.. 

The angle cba, therefore, is bifefted by the line BO ; 
and, in the fame manner, it may be (hewq, that the angles 
at the points a, e are bifefted, by the lines AO, OE. 

Since, therefore, the angle ocd is equal to the angle 
ODC {iy Hyp. and Ax, 7.), the fide oc will alfo be equal 
to the fide od (I. 5.) 

And, in the fame manner, it may be fliewn, that DD, 
OE, OA, OB and oc are all equal to each other, 

K2 If, 
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If, therefore, a circle be defcribed from the point o, at 
pither of thefe diflances, it will pafs through the remain^ 
iiig points, and circumfcribe the pentagon abcde, as was 
tp be done. 



PROP. XV. Problem. 

In a given circle to infcribe a regular 
Jiexagon. 





Let ACEF be a given circle ; it is required to infcribe 
a regular hexagon in it. 

Through the centre o draw the diameter ad, and make 
DC equal to do (IV. I.), and it will be the fide of the 
hexagon required. 

For, draw the diameter cf, and make be parallel to 
27.) ; andjoin the points de, ef, fa, Asand bc : 
len,- fince doc is an equilateral triangle, the angles 
CDC, ocd and doc will be all equal to each other 
(I. 5. Cor,) 

And, becaufe OE is parallel to CD^ the angle eod will 
be equal to the angle ODC (I. 54. j, and the angle foe to 
the angle ocd (I. 25,) 

But the angles ODC, ocd are each equal to the angle 
doc; therefore, the angles doc, eod and foe are all 
equal to each other ; as are alfo the oppofite angles foa, 

AOB and BOC. 

Since, 
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Since, therefore, the triangles cod, doe, &c. have 
two fides,' and the included angle of the one equal to two 
fides and the Included angle of the other, they will be 
equal in all refpcfts (1. 4.) ' 

The fides cd, de, ef, &c. are therefore all equal to 
each other, as ai*e alfo the ^ngles bcd, cde, §cc, whence 
ABCDEF is a regular hexagon ; and it is infcribed in the 
circle ACef, as was to be done. 

' Scholium. Befides the figures here conftrufted, and 
thofe arifing from thence by continual bifeftions, or taking 
the differences, no other regular polygon can be defcribed, 
by any known method, purely geometrical. 

It may alfo be obferved that fome of thefe figures, as 
Well as feveral others, in the former part of the work, 
may often be defcribed in a much eafier way, for praftical 
purpofes ; but the principles upon which they, depend cart 
only be obtained from the following books of the Ele- 
ments. 
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I 

As many magnitudes, therefore, as there are In ab 
equal to e, fo many are there in ab and CD together, 
equal to e and f together. 

' , And, confequently, whatever multiple ab is of e, the 
fame multiple will ab and cd together be of e and f to, 
gether. Q.E.D. 

P R O P. II. Theorem. 

If any number of magnitudes be multiples 
of the fame magnitude, and as many others 
be the fame multiples of another magnitude, 
e^ch of.eafh, th? fum of all the former will 
bft *h§. fanae multiple of the: one, as 'the fum 
of aU the latter is of the other. 
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^^•i.ct'any'i^Ltmber^of magnitudes ab, be," be multiples of 
jtlie fame magnitude c, and as many, others ©G, GH, the 
fame multiples W another F,,each of each ; then will the 
wKoie ae; te tKe fanie multiple of c, as the whole Dii, is 
of F. 

For fince ABirtHe fame multiple of c that dg is of f 
{hy /r)5/>.), there win be a** many magnitudes in ab equal 
to c, as there are in do equal to f. 

' And bec^ufe^E is the fame multiple of c that GH is of 

F {hy HypXi there will be as many magnitudes in be equal 

to c, as there are in G H eqjjal to f . 

As 
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" A& many magnitudes, therefore, as there are in the 
whole AE equal to c, fo many will there be in the whole 
DH equal to f. 

The whole ae, therefore, is the fame multiple of c, as 
the whole DH is of F. Q.E.D. 



PROP. III. Theorem. 

If the firft of four magnitudes.be the fame 
multiple of the fecond as the third is of the 
fourth ; and if of the firft and third there be 
taken equimultiples, thefe will alfo be equi- 
multiples, the one of the fec6nd, and the 
other of the fourth. 



.¥h 1¥ ©I ■ f Jf 



Ai ■ I I t C^ 



Let A the firft, be the fame multiple of b the fecondj 
' as c the "third, is of d the fourth ; and let ef and qh be 
equimultiples of a and c ; then will ef be the fame mul- 
tiple of B, that GH is of D. 

For fince ef is the fame multiple of A that gh is of c 
[by Hyp.), there will be as many magnitudes in ef equal 
to A, as there are in GH equal to c. 

Divide ef into the magnitudes £K, KF each ^qual to 
A (I. ^5.) ; and GH into the magnitudes Gt> X.H, each 
equal to c. ' * . 

Then 
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Then will the number of ijiagriitudcg EK^ KF ihth<5 
one, be dqual to the number of magnitudes Gio tH m the 
other. 

And becaufe A is the fame nlultiplei of B that c is of 
{by Hyp.), and tK is equal to A, and GL to C {iy Con/i.}4 
JEK will be the fame multiple of b, that gl is of D. 

In like manner, fince KF is equal to A, and lh to C, 
KF will be the fame multiple of b, that lh is of D* ., 

And fmce ek, kf are each multiples of b, and gl, Lii 
are each the fame multiples of d, the whole ef will beth^ 
£une multiple of b, as the whole gh is of d (V. ^.) 



PROP. IV- THtOklM. 

If the firft of three magnitudes be greater 
than the fecond, and the third be any mag- 
nitude whatever, fome equimultiples of the 
firft and fecond may be taken, and foioo 
multiple of the third fuch, that the former 
fhall be greater than that df the third, but 
the latter not greater. 



^L oi T 



mK Bi S-^A 



Let AB»BC be two unequal magnitudes, and D any 
other magnitude whatever ; then there may be taken fome 
equimultiples of AB, BC» and fome multiple of d fudi^ 

that 



BOOK THE FIFTH, 139 

that the multiple of ab fliall be greater than that of d, but 
the multiple of bc not greater. 

For of BC, CA take any equimultiples gf, fe fuch, 
that £hey may be each greater than d ; and of D take the 
mukiples k and l fuch, that l may be that which is firft 
greater than gf» and k that which ig next lefs than L. 

Then, becaufe l is that multiple of d which is the flrft 
that becomes gteater than gf, the next preceding multiple 
K will not be greater than G]p ; that is gf will not be lefs 
than K. 

And, fince fe is the fame multiple of AC that gf is of 
ic (iy Conft.)y OF will alfo be the fame multiple of bc that 
EG is of ab (V. 1.) 

The magnitudes EG and gf are, therefore, equimulti- 
ples of the ms^nitudes ab and bc, and l is a multiple of 
x>. 

And, fince GF is not lefs than r, and ef is greater 
than D [by Conft.)^ the whole eg will be greater than K, 
and D taken together. 

^ But K and d, taken together, are equal to l (hy Conft.) ; 
therefore eg will be greater than x., and FG not greater 
than L» as was to be Ibewn. 



PROP. 
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PROP. V. Thkor^m. 

If four magnitudes be proportional, any 
equimultiples whatever of the antecedents 
will be proportional to any equimultiples 
whatever of the confeqijents. 

B, Iji .P F' V r^R 



g i -ft " ' ^ ^' j^ T 

Let A be to B as' c is to D» and of a and c take any 
equimultiples ek, fl ; and of b and d any equimultiple* 
CM, HN ; then will EK be to gm, as FL*ii!it6*HN. 
' For of EK and F L take any equimultiples Whatever ep, 
FR; and of GM and HN any equimultiples whatever 
OS, ht: 

Then, fince EK is the fame multiple of a, that f l is 
of c [by ConJi.\ and of ek, fl have been taken the eq61* 
multiples^EP, FR, ep will be the fame multiple of a, that 
1"^ isof c (V.S.) 

And, in the fame manner, it may be (hewn, that GS.is 
the fame multiple of b, that ht is ^ d. 

But A has the fame ratio to b that c has to d [by Hyp.) ; 
and of A and c have been taken the equimultiples £P, fr ; 
and of B and d the equimultiples gs, ht. 

If, therefore, bp be greater than gs, fr will alfo be 
greater than ht; and if equal, equal; and if lefs, le& 
(V.De/.S.) 

And, 
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And, fince ep, fr are any equimultiples whatever of 
£K, FL ; and GS, HT are any equimultiples whatever of 
GM, HN ; £K will have the fame ratio to gm, that fl has 
tPHN {V.Def.5.) Q.E,D. 

PROP. VI. Theorem. 

If, four magnitudes be proportional, and 
the firft be greater than the fecond, the third 
will alfo be greater than the fourth ; and if 
equal, equal ; and if lefs, left. 



£»- 
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]Let A have to b the fame ratio that c has to D ; then If 
A be greater than b, c will alfo be greater than o ; and 
;f equal^ equal ; and if lefs, lefs. 

For, of A and c take any equimultiples E and G, and 
of B and D the fame equimultiples f and H. 

Then, becaufe A is to b, as c is to d (iy Hyp.) if E 
be greater th^n f, g will alfo be greater than h ; and if 
equal, equal; and if lefs, lefs (V. Pef, 5.) 

And, fince e, f, g, h are the fame multiples of A, b, 
c, D, each of each, thefe laft magnitudes will alfo obferve 
the fame agreement of equality, excefs, or defeft with 
their equimultiples. 

If, therefore, a be greater than b, c will alfo be greater 
than D ; and if equal* equal; and if lefs, lefs. Q.E.D. 

PRO P. 
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. PROP. VII. Theorem, 

If four magnitudes be proportional, they 
will be proportional alfo when taken in* 
verfely. 

- 01 ■ I iiBi l | Hi — I . m il 

A> ... I Ci % 
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If A has to B the fame ratio that c has to D ; then, in^ 
verfely, B williiave to a the fame ratio th^ d has to c. 

For, of B and d take any equimultiples whatever e and 
JF ; and of a and c any equimultiples whatever G and h : 

Then, fmce a is to b »5 c is to d (^j' ffyp*)* *"d g, h 
•re equimultiples of a, c, and e, f of b, d {iy Conjl.)^ if 
Q be greater than e, h will be greater than f ; and if equal, 
equal ; and if lefs, lefs (V. Def. 5.) 

And, becaufe g has with e the fame agreement of 
equality, excefs, or defeft, that h has with F, e will have 
with G the fame agreement of equality, excefs, or defefi» 
that F has with H. 

If, therefore, £ be greater than G, F will alfo be greater 
than H ; and if equal, equal ; and if lefs, lefs. 

But E and f are any equimultiples whatever of B and d 
(by Omji.) ; and g and H are any equimultiples whatever of 
A and c ; therefore, b is to A as d is to c (V. Def. 5.) 

Q.E.D, 



PROP. 
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PROP, VIII, Theorem. 

If the firft of four magnitudes be the fame 
multiple or part of the fecond as the third is 
iof the fourth ; the firft will have the fame 
ratio to the fecond as the third has to the 
fpurth. 



Bk 



Let A the firft, be the fame multiple of b the fecond^ 
. ^hat c the third is of D the fourth ; then will A have to B 
^he fame ratio that c has to D. 

For of A and c take any equimultiples whatever E and 
C ; and of B and d any equimultiples whatever F and H : 

Then, becaufe A is the fame multiple of b that c is of 
D (iy Hyp,)t and £ is the fame multiple of a that g itf of 
ip {by Con/t.)^ E will alfo be the fame multiple of b that g 
is of D (V. 3.) 

And, fince s is the fame multiple of B that G is of d, 
and F is the fame multiple of B that h is of d {iy Conft,)^ 
" if E be greater than f, g will be greater than h ; and if 
equal, equal ; and if lefs, lefs. 

But B and G^ are any equimultiples whatever of a and 
)C ; and f and h are any equimultiples whatever of b and 
D ; therefore, a will have to h the fame ratio that c hag 
iOD{V.Def.5.) 

Again, 
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Again, let the firft b, be the fame part of the fecond A, 
as the third d, is of the fourth c ; then will B have to A 
the fame ratio that d has to c. 

For A is the fame multiple of b that c is of d (by Hyp.) ; 
therefore A will have to b the fame ratio that c has to d 
(V.8.) 

And, fince A is to b as c is to D, therefore, alfo, 
inverfely, b is to a as D is to c (V. 7.) Q. E. D. 



PROP. IX. Theorem. 

Equal magnitudes have the fame ratio to 
the fame magnitude, and the fame has the 
fame ratio to equal magnitudes. 



iB £i- 



c 



Let A and b be equal magnitudes, and c any other 
magnitude whatever ; then A will have to c the fam^ 
ratio that b has to c. 

For of A and B take any equimultiples whatever D and 
E ; and of c any multiple whatever f : 

Then, becaufe d is the fame multiple of a, that E is 
of B, and A is equal to b, d will alfo be equal to e. 

And, fince d and e are equal to each other, if d be 
greater than F, e will alfo be greater than F ; and if 
equal, equal ; and if lefs, lefs. 

But 
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fliit b and E are zlny Equimultiples whatever of a and b, 
ihd T is any multiple, whateJver 6i c ; therefore A is td c 
as fl is to c (V. Def. 6i)' 

Again, let a and b' be equal magnitudes, and c any 
6ther magnitude whatever j then c has to a the fame 
tatio that it has to B. 

For, having mafde the fame conftruftion as before, b 
thay, in like niaiiiier, be fliewn to'be equal to e : 

And, fince D is equal to e, if f be greater than d, it 
will alfo be greater than e ; or if equal, equal ; or if 
lefs, left. ^ 

But p k any itiultiple whatever of c, and d and E are 
any equimultiples whatever of a arid fi ; therefor^, .C is 
fo' A ai C is to B (V. Def, 5.) 



t> R O P* X. Theorem* 

Magnitades which have the fame ratio to 
the fame magnitu(fe are equal to each other ; 
and thofe to which the fame magnitude has 
the fame ratio are equal to each other* 



D , ^ 



P 



Let A liave to c the fame ratio ihat b hai to c ; then 
Will A be equal to B. 

For, if they be not equals one of them muSL be gk-eater 
than the other, 

L Lei 
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Again, let the firft b, be the fame part of the fecond A, 
as the third d, is of the fourth c ; then will B have to A 
the fame ratio that d has to c. 

For A is the fame multiple of b that c is of d (by Hyp.) ; 
therefore A will have to b the fame ratio that c has to d 
(V.8.) 

And, fince A is to b as c is to D, therefore, alfo, 
inverfely, b is to A as D is to c (V. 7.) Q. E. D. 



PROP. IX. Theorem. 

Equal magnitudes have the fame ratio to 
the fame magnitude, and the fame has the 
fame ratio to equal magnitudes. 



iB £u 
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Let A and B be equal magnitudes, and c any other 
magnitude whatever ; then A will have to c the fame 
ratio that b has to c. 

For of A and B take any equimultiples whatever d and 
E ; and of c any multiple whatever f : 

Then, becaufe d is the fame multiple of A, that E is 
of B, and A is equal to B, d will alfo be equal to £. 

And, fince d and E are equal to each other, if d be 
greater than F, E will alfo be greater than F ; and if 
equal, equal ; and if lefs, lefs. 

But 
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Let A be the greater ; a^id of a and b take the equi* 
multiples D and e» and of c the multiple f fuch, that o 
may be greater than f, and e not greater than f (V. 4.) 

. Then, (ince a is to C as b is to. c, and d and £ are 
^qiiimultiples of a arid b, and f is a multiple of c, b be-, 
ing greater thanya#OE:wiil alfo be gr^er than i (V^ 

But, by conftniftipn, E is not greater than F,j whence 
it is greater and not greater at the fame tioae, which is 
abfurd. 

The magnitude a is, therefore, not greater thsoi B $ 
^nd in the fame manner it may be flitwn that it is not 
lefs ; confequently they are equal to each other. 

Again, let c have to a the fame ratio that it has to b ; 
then will A be equal to b. 

For, fmce c is to a as c is to b, therefore, alfo, ih- 
verfely, a will be to C as b is to c (V. 7.) ' 

But magnitudes which have the fame jratio to the fattie 
mfeignitude have been (hewn to be eqtial to eaeh bthei^, 
therefore A is equal to b. Q- Ep DI 
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PROP. XL Theorem. 

Ratios M'hich are the fame to the fame 
ratioy are the iame to each od^r* 

P' " Hi ^ Kf ■ ■! 

Ai— 4 . . Ci 

■ » ! 
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L^t A be to B atT^is to d, and c to d as £ is to r ; ' 
then will A: be to b a^E is to F. 

;.Ibr, of Aj^, € and s take any equimultiples- whatever 
G, H and K.; and of b, D and f any equiniultq)le8 what- 
ever L,,M and N t 

Then, fince A is to B as c is to D {ly Hyp.), and G 
and H are equimultiples of A and c, and l and M of b ancf 
Df if G be grjsat^ than L, H will be greater than M*; and^ 
if equal, equal ; and if left, lefs (V. D^f. &,) 

And, becanfec is to o as £ is to f {by Hyp,), and H' 
and K are equimultiples of c and £, and M and n of d and^ 
P ; if H be greater than M, K will be greater than n ; 
and if equal, equal ; and if lefs, lefs (V. Def. 5.) 
• But if G be greater than L, it has been fliewn that h 
will alfo be greater than M ; and if equal, equal ; and iP 
lefs, lefs ; whence, if G be greater than l, k will alfo be 
greater than n ; and if equal, equal ; and if lefs, lefs. 

And fince G*and k are any equimultiples whatever of ■ 
A and E, and l and N are any equimultiples whatever of' 
B and r, a will have to b the fame ratio that e has to f 
{V.Df.B.} Q.E.D, 



■ r 
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PROP. XII. Theorem. 

t 

If any natiift^ t)f magnitudes be propor- 
tional, eirfier of the antecedents will be to its 
confequent, as the fum of all the antecedents 
is to the fum of all the confequents. 



a\ — 1 H> -i K» 



JU, -^ 1 Ml I K»— 



^ Let A be to B as c is to d, and as £ is to F ; then will 
A be to fi, as A, c and £ together, are to b, d and F to« 

gether. 

For, of A, c and E take any equimultiples whatever 
c, H and K ; and of b, p and f any equimultiples what- 
ever L, M and n : 

Then, fince a is to b, as c is to D (by Hyp*)^ and Q, 
N are equimultiples of a, c, and l, m of b, d, if g be' 
greater than L, H will be greater than M, and if equal» 
equal ; and if lefs, lefs (V. Def, 5.) 

And becaufe a is -alfo to b as e is to f [by Hyp.)^ and; 
G, K are equimultiples of a, e, and l, n of b, f, if g be 
greater than l, k will be greater than n ; and if equal, 
equal; and if lefs, lefs (V. Def. V.) 
. From hence it follows, that if c be greater than L, G, 
>i and K together, will be greater, than L, m and N to- 
gether ; and if equal, equal ; and if lefs, lefs. 

.1 But • 
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But G, and c, h, k together, are any equiinultiples 
whatever of. a, and a, c, e together {by Ctmft,) ; and l,* 
and L, M, N together, are any equimultiples whatever of' 
B, and B, D, F together ;• whence, as A_is to b, fo is A, c 
^d z together, to b, d and f together (V. Def. 5.) 

Q.E.D. 



PROP. XJII. Tneq^EM, 

____ - » ■ , 

Equimultiples of any two tnAgnitudel^ 

have the fame ratio as the magnitude them- 

felves. 
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C, ^_H ^p 
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E| p= 1^ ,y 

. JLet CO be the fame multiple of a that ef isof b ; then 
will CD have the fame ratio to ef that a has to b* 

For* fiocecD is the fsune multiple of a that ef isof^B : 
there are as many magnitudes in cd equal to A, as there 
arpJA EF equal to b» 

Let CD be divided into the magnitudes CG, gh, hd,'* 
e9(pb equal to a (L 25,) \ an4 £F into tl^e magnitudes 
£j^ KL, LF, each equal to b. 

Tben» the number of miiignitudes cg, gh* hd in the: 
one, will be equal to the number of magnitudes ek, kl, 

LF in the other* 

And, becaufe dh, hg, GC are all equal to each other, 
as are alfo fl» lk., ke, dh will be to fl as hg to lk., ^ 
and as gc to ke (V. 9.) 

L 3 And, 
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And» fihce any antecedent is to its coxifeqacnt, as all 
tjic antfscedenis are to all the confequents (V* 1^.), rt 
tyill be to DH, as FE is to dc. 

B^ut DH ill equs^l to a {iy C9nft.)i and f L is equal to B ; 

therefore B will h^ tp A| as f^ to j>€ ; and» iaVtrfely, PC 

■ « 

tpf je 33. A to B« Q.E.D. 

PROP. XIV. Theorem. 

If four miigTiitudes of the fame kind be 
^proportional, apd the fi^^ h|e greater than 
the third, the fecond ivill alfo be great(»r 
than the fourth ; and if equal, equal ; and 
if lefs, lefs. 



£1 1 G^ 
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Let A be to B as C is to d ; then if A fc greatdi^ than 
c, B will alfo bcr greater than D ; and if cqua!^. •^fua| ; 
and if lefs, lefs. . . \.. 

' Firft, let A be greater than c ; then b will be greater 
than D. 

For, of A, c take the equimultiples e, g; and of b the 
jnultiple F fuch, that e may be greater thai* r, but G not 
greater (V-. 4.) ; and mak« h the fame mullipie of d that 

F is of B.j; f 

Then, becaufe A is to B as c is to d (by Hyp*)^ and 
T, G are equimultiples |^f a^ c, and f» H of b, {by 

Cn^.),. £ b^pg &^^ ^" ^»^ ^j'' ^'^^ be greater 
tha|i H (V. 5.) 

And, 
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Andy fince, by conftru£lion, F is not lefs than G, and 
c hH beei^' proved to be greater tfalein «, f will likewife bfe 
greater than H. 

Qut F and h are equimultiples of b and D {byConft.) ; 
tl^refore^ fince f is greater than H, B will alfo be greatet 
than,D^ 

Secondly, let a be equal to c : then will B be equiil 

■ D. 

For, A is to B as c is to D [by Hyp.)i or, fmceA is 
€c|udl td c, A is. to B as A is to D ; th^efore b is cqUal 
to D (V. 10.1 '' . 
Thirdly, let A be lefs than c j tien wul > Be left 

.^ .For, G is to D as A is to B» by the propofitioh ; ther^ 
fore c being greater than >^, o will alfo be greater tbfoi B, 
by the firft cafe. Q. E. D. 



PROP. XV. Theorem, 

If four magnitudes of the fame kind be 
propotitipnal, they will be proportional alio 
when taken alternately. 



p^. 
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Let A be to b as c is to d ; then, alfo, akemately, a 
will be to c asB is to D. 

For; df A aftd B take a(hy equiniuUipKs whatever^ kdnd 
c ; and of c and D any equiibulfijplwVTatcvd' F anVTli^. 

L4 ^ 'i Thin. 
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Then, fince £ is the fame multiple of a that G rs of b, 

4^i that magnitudes ,havie the fame ratio as their equi^ 

multiples (V. 15.), a is to b as £ is to g, 

But A is to B as c is to d, by jthp prppo(itipn ; whence 
p 15 to p as E is to G (V. 1 }.) • 

In like manner, becaufe f is the fame multiple of C.th^t 
jji is of D, c >vill b^to D as F is to H (V» IS.) 

But c has been fliewn to be to d as e is to G ; cpnfe- 
<juently, E will.be to G as f is to h (V, 11.) 
- Since, therefore, £ has the fame ratio tq G/that F h^& tq 
H, if E be greater than f, g will alfo be greater than H j 
^d if equal, equal ; and if lefs, lefs (V. D^f. 5.) 

But E and G are any equimultiples whatever of a .an4 
jt ; and F and h are any equimultiples whatever of c and 
I) ; therefore a is to c as b is to p (V, D^/.5.) 

Ip(« X«« JL/f 






PROP. XVI. Theorem. 

■ « 

• •..■■' i 

*..If .four magnitudes be proportional, th© 
fum of the firft and fecond, will be to the 
firft or kcQudy as the fum of the third ancj 
fourth, is to the third or fourth, 

^, B .g ^1 — . — K _g 



CI f iD c\ ? iD 

Let AE be to eb as CF is to f p ; |!hen will ab be to b e, 
or AE, as CD is to df, or CFr 

For, 
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For, fince A£ is to eb as cf is to fd {byJSyp.) ; there* 
forcy alternateJy, ae will be to cf as eb to fd (V. 15.) 

And, fince the antecedent 4s to its confequent as aU 
^he antf^cedents are to all the confequents (V. 1^*}, A£ 
will be to CF as ab is to cd. 

But ratios which are the fame to the fame ratio are the 
fame to each other (V. 11.) ; whence ab will be to CD 
^s EB is to FP ; and, alternately, ab to eb as CD to Dl 
(V. 15.) 

Ag^n, fince AE has been fhewn to be to cf as ab is 
t^ CX>9 therefore, by alternation, ae will be to ab as cr 
is to CD (V. 15.) 

But quantities which are dire£lly proportional are alfo 
proportpnal when taken ii?verfely ^ whence ab will be 
to AE as CD is to CF (V. 7.) 

Q.E.D. 



PROP. XVII. Theorem. 

If four magnitudes be proportional, the 
difference of the firft and-fecond, will be 
to the firft or fecond, as the difference of 
the third and fourth, is to the third oi^ 
fourth, 

C■^ H KL ^p 

A- ^— B 

Ch Jl-D 

i ^'' ri4 JJ ^^ 

Let AB be to be as cd is to df ; then will AE be to 
AB, or eb, as cr is to cd, or fd. 

For^ 



/^ 
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FoF» of A£> £B, CF, FD uke any equkhultipies wbat* 
ever OH, HK, LM, MN J and of eb, fd any other equU 
Multiples whatever kp, Nti : 

Then, becaufe gh is the fame multiple of AE that hk 
i»:of EJ& (iy Conjl,), GH will be the fame multiple of AE 
tt^t .<^K i^of AB (Vvl.) 

But GH is the fame multi|)le of ae tha^ lm is of cf {fy 
Conft.) ; therefore gk is the fame multiple of ab that LM 
is of CF, T . •' 

In.like manner* becaufe lm is the fame multiple of cf 
ftit Mt^ is of* fD [byConJl:) lm Will be tftfe fame miihiplc 
of cr th* ln isof CD fV. i.> r . ,/;;.. 

Bat LM Iwukbfeenihe>)riitabe;iltejaim 
Ihat GK is of ab ; th^refor^ GR is the fame multiple of 
AB that LN is of CD. 

Again, becaufe HK, KP are the fame multiples of eb, 
that MN, NR are of Fi> (iy Cortji.), H^p will be the fame 
multiple of EB, that MR-is of fb (V»^.) 

And, fince ab is to be a$ CD to liF [by Hyp,) ^ and 
G!^, LN are equimultiples of ab, cd, and hp, mr of 
^E, dF,'*!? Gk'fergffca^^^^^ LN w'l! be'gfditer 

(kan MBt; and' \\ eqiid/ equatTraAi if' lefs, lefS"('0^ 
P€f.B.) "— 

Trom the two' former of thefe take away the common 
part HK, and from the two latter, the common part MN ; 
then if gh be greater than KP, LM will be greater than 
N R, and if equal, equal ; and if lefs, lefs. 

But GH, LM are any equimultiples whatever of AE, cf 
{by Conjt.)^ and KP, NR are any equimultiples whatever 
of EB, fd; whence ae is to cf as eb to fd (V. 2)^.5.); 
and,^ alternately, ae to eb as cf to fd. -^ 



\ And, 
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Andyiiitee AButhefuffiof AS»£B, mdcDof ci^, #d» 
AB will be to A£ or £B, as ct> is to cr or r-D (V. 16.) ;; 
and, inverfeiy, ae or £B to AB, ai Cf or Fl> to ct>. 

Q. E. D. 

ScHOLiV'M. When the confequents are greator than 
the antecedenu^ the fame demonftralioa will hold» if tfat 
terms be taken inverfely. 

PROP. XVIII. Theorem. 

• ' * ■ 

If four i^oagnitudes of tha fume kind be 
proportiojoaU the greatefi and leaft of theitif 
taken together, will foe greater than 1^ othet 
two. 

A»— =— 9- IB 

C»— 4— Hl> 

E» ■ ' ■ ■ ■ < 



Fl" 



Let AB, CD, E, F be the four proportional magnitudes^ 
of which AB is.thegreateft and f the leail ; then will ab 
and F together, be greater than CD and e together. 

For in AB take AG equal to E^ and in CD take ch equal 
to F (I. S.) 

Then, becaufe ab is to cd as e to f {iy Hyp,), and 
AG is equal to e and cH to F {iy Conji,)^ ab will be to 

CD as AG to CH. 

But magnitudes which are proportional, are alfo prq. 
portional when taken alternately (V* 15.) ; therefore ab 
'will be to AG as CD to ch. 

And, fince bg is the difference of ab and AG, and dh 
o( <CD and CH, bg will be to ab as dh to CD (V. 17.) | 
an(4 inverfely, ab tp bg as cdVo DH. 

5 But 
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But A'B is greater than CD '{by Hyp') ; whence gb is 
alfo greater tfcan hd (V* 14.) 

And, bees^fe AG is equal, to £, and ch to f, ag and 
F together, are equal to ch and e together. 

To the firft of thefe equals add gb, and to the fecond 
HD» then will AG, GB and f together, be greater than 
CH, HD and E together. 

But AG, GB are equal to ab, and ch, hd to cd ; con- 
fequently ^B*and y tQ'geth^X are greater than CD and e 
together. Q. E, D. 

'^ 8c«^ Liim. That F mnft be the leaft of the four mag- 
nittidi^ whrn a is the greatdt, appears from propofitions 
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!. SbnijT rccL-izssil zz'j^-^ art inu!i "v:u-i arr *rru- 
angular, and hk'*c zhit ^3ci jcox zie -fxi.^ 2:^431 im^ 
portional. 

:?. The honKlocrca. cr Ebe iias. i^ irm'.^j- 
are tLofe vkich arc c cixfiie ic^ ecxat anr t^^ 

5. Two fig^Jics asr fao^ ic brrr -rtrr Ltsi 
p ro p c n iocaU ^rlica oc 5^ occ J^koil am 
cedent, of the faij lerraL anc jiici £aBS ic lie 
figure. 

4. Of three proponioaai -riarrrirfc, "iie amsu&t ve 
£iid to be a cxao p ro g ME '. iJWBJt aesv**a. -ui^'tr. 
the laft a tmni pmwM ' .rrs ^ ift s&e ir± asjt. j^^viza, 

5. Of four prc^onjc-siS cpjrrr.tfi ise i^ ^ iitt. ip 
be a fouith pTopcnxcat up zzit zjuez zusst^ -Trnjat js 
order. 

6. If anr nunArr csf sac3aB&5e» ht s^ixcniu-aLa itru^fiC' 
tional^tbeiadoof t]iefekziidii.rc ^ Isuc i:^ ie fiuiiiiUBt 
that of the firft aod feuMod ; acid iztt ncxi, ir mt f .-£ jCit 
fourth, triplicate that of trie idb rji i£:.trar. 

7. And of any nGicbcT 'A r..5rr - '-.'jSU ^t lut inij^ LriiC, 



jf 



-. « Ti 
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tdLen in order, the ratio c;f t^«t frit iv ue j3tL 
compounded of t?^ ra:» of tbt fj± t:, --ut i*n.iTiit- jf :: 
fecond to the tbirf, a-ii fo cr^, 10 iat isL 

ratio, vhca the irsoie Lnt 11 -..'. "/* j-sii »r 
^, at the greitcr ^^■■^a< is 1:; :^ 




c:.!.. 



r :-. o ?. 



158 ELEMEIfTS CMP &B01f£TRT< 



PROP. I. 



Triangles and paxallelograms^ having the 
fame altitude, are to each other as their bafes. 




K L. 

Let Ae triangles abc, acd« and the parallelogTaxni' 
EC, CP liavethe fame altitude, or be between the famo 
parallels bd» £F ; then will the bafe bc be to the bafc* 
CD, as the triangle abc is to the triangle acd, ot as the 
parallelogram £C is to the parallelogram of* 

For, in ^D produced, take any number of parts what- 
ever bg, gh, each equal to BC ; and dk, kl, any num« 
ber whatever, each equal to CD ; and join AG, ah, Mk 
and AL : 

Then« becaufe cb, bg, gh are all equal to each other, 
the triangles ahg, agb, abc will alfo be equal to each- 
other (IL 6.) ; and whatever multiple the bafe hc is of^ 
the bafe bc, the fame multi{^le wiU the triangle ahc be^ 
pf the tiiangle abc. 

And, for the fame reafon, whatever multiple the baft 
tc is of the bafe cd, the fame multiple will the triangle 
ALC, be of the triangle a|jc. 

If therefore, the bafe hc be equal to the bafe CL, the 
triangle ahc will be equal to the triangle alc ; and if 
greater, greater ; and if lefs, lefs. 

But 
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• But the bafe hg, and the tri^uii^gle Aac, are any eqak 
multiples whatever of the bafe fic» and the tri^gle abg ^ 
s^id the bafeCL and the triangle alc are any equimulti. 
yies whatever of the bafe CD and the triangle adc ;;^^ 
whence the bafe bc is to the bafe cd, as the txiai^glis 

.^'* Again, '^ebi«itfe tbei^rall^togratol>£ i^ d&iiblp the trU 
angle ABC (I. 3^.), and .the parallelogram CF is dpublQ 
th^ triangle ajdc, the triapgfe A^c will be to the triangle 
A|)C as the paralklograpl C£.is to the parallelogram cr 
(V.13.) 

Bul» it has been. i&£YJi,;th^ tjie^afe jh: is to the bafe 
CD^ a^ thp, trianglf abc is tp the triangle ADC ; therefore 
fli*el)2tfe BC k alfo to the oafe CD., as the paraMdo^am cb 
i^/btfieparaUelfpgrain CF. Q^,E.,D^ 

VO^^^i** T^riangKs ai^d parallelograms, haviiisequaj 
attitudes^ arVtQ each *other,aR their" bafeso 
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• - • Tmngles ^tid pjaralfelpgrams, having ec}a4 
bales, are to each ,Qther as their altitucjeaji , . ^ 



: ~ '•" ^ •' !■' «■ v.? 




Let ABC, D£F be two triangles, having the equal bafei 
.\fi9 D£, and wliofe altitudes are CH, fi : then will [the 

. " triangle 



;•■ ' 
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And, fincc ratios which are the fame to the fame rtitioj 
are the fame to each other (V. 11.) db will be to da as 
tc is to EA ; or, inverfely, ad to db as ae to EC. 

Again, let the fides ab, ac be cut proportionally, in 
the points D and E5 then \<^iil the line dE be parallel 

to BC, 

• ' FoV, the forte cdpftruftion bfeirig made as before, thp 
jbiitigle Df B will be to the triaf^gle ciEA, b itb is to t^A 
*{VI^h); iftid the triangle edc to the triangle D£A Uii 

J^C ^Oj B;A (VI. 1,) . ;; ..^: :..;; :. ■■■ z:^ 

*■'' ,Atrf;-fiti«e DB is to DA a& EC if to ea (iy OnftX the 
triangle DEB^will be to the triangle dea is the it'iBn^p 
EDC is to the triangle DEA (V..11.) * ^ 

But magnitudes fidbich have the fame ratio to the fame 
magnitude are equal to fcaclj other (V. 10.) ; whence the 
triangle deb is equal to the triangle edc. 

And fmce thefe triangles are equal to each other, and 
are upon the fame baSe DE,They wiH have equal altitudes 
(VI. 2. Cor.), or ft^d. between ..the ia,9ae jparallfls; 

\Whence de is parallel to bc. . ^ i. . . / vc 

. CoRO.LL. In the fame manner it nfiay be Qiewi^i {hat 

"the fides of the triangle are proportional to any two of tJ^ 

-fart^ into ii^hich they are divfded ; and that the likq jprts 

of each ate alfo proportional. .,, 
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i^jie^e4,, the fegmeDt3 of. the bafe will .hi^^ 

and. ||:,.% f^ni^te,li^e f e fjrjg ra^o 
miitfbr the .oth«roitw^ .i>d^% ti^« MgknW *e 

I '»!i •• -1.3.' fhLiv;v^ll7u:»3:i..-'T 3-??.^ i -•. 
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tct ifee ttigle BAC of thfe triangle ABC be bifeSed. 
by the right line adj then will ab.be to dc gs ba 

It to AC. 

- -For through the point ci draw ce 'parallel to b a* (L S7.\ 
ted Ik i^A be produced to meet C£ in £ : 

Theh, becaufe the right line AC cuts the two parallel 
right lines ad, EC, the angle ace will be equal to the 
alternate angle cad (I. 24.) 

But the angle cad is equal to the angle bad, by the 
propofition ; therefore the angle bad is alfo equal to the 
angle ace. 

And, in like manner, becaufe the right line be cuts the 
two parallel right lines AD, EC, the outward angle bad 
will be equal to the inward oppoiite angle aec (1. 25.) 

^ . M 2 But 




^ut the angle ACS bit been fliewn to be equal to tlft 
fBgle^AD; whence the angle ace is alfo equal to the 
angle aec ; tM die fide ae to the fide ac (1. 5.) 

^d, jm^dTtcftiVriaifglle, and At> ii ^wn parallel 
0I& |Ue Eici BH will b^ to 9C aft B A is to ae (VL S,) i 
%k h^oMth iyfc iBhqm t^^m^n wA 4ie to «>i> aa «ba i* 

tPn^tCU xvj/f :--iC'>i ■• <•-.}"■ '■■- ■■■■■'■;■ ■'■. •^■.«» 'I'-Jy. '.-^ti^ 

99 be tp PC as B^ u to ^c; theft wil) the 

^or» lei^ihe fame 96hfertifi)onLl^ haiSe aV%efofi : 
^ JThMSMcbf ^&% i^-iH-^k «^# ACr(2ir^.X «a 
BD to be as BA'to^^E (VI. 3«% th^fore, al&tyJfiJiFjm 
be to AC as Ba is to Kfu N. 

And fince niagnkim<whidi have the faide ratio to the 
ram6'«ilgnitu4fi'Me WqualiiA^ ^ck o^e^ :{y,:)UX)r£c 
wiUvbe equal tQ» 'ae^ and ^*aQg)^ A£C tp the angJes 
ACE (irSa)?': ';•: .. .^ .-:: -Sit--t:'T:i ^ -; v =. -. •» . .: ^a 
£But; ^.a^l^e A¥XAit4fiU9l:to.thfi j^utwiard ri^p^fljte 
aiglfe iXO (I: 28.) ; ana the atigle'ACE Ife equal ^Ibftt 

aUabee48alitodirah(;IttCA.i>c: rsr." ..■'..•-, :;!>p5 3i8 

Bi' 4;: >fiU •/ ..-i;; ![fw i»?"^ ::•;'•;?£ ?-fj v*':" .'-^i.'.'.vlndj 

*" *■ * . .. 

' yj; .i *.» vA y..A '.r'; i.* /ja '>::.; ■. ,': ; ■. * •"..■■ •: a. sbS 
5r.: r^w: au ^til- 3.'*: ;/. .::^a ^b!} --; •.: -^2 ):.•;' a/, ^hu 

' ir^'-d s:M' prop. 








. JP JR. Q ?, V. TH|<J»%||. . -2.^ ^r^n^ 

poiilona}*^' the V^E^j^^ "^y ^ ^ e; 

-La&_ n'/iv'v {' ; />A gy^ Aa 3^^ -iv! oj -'Jfec aj-^D; nsriT 

AB be.tp ibfi fide ac, a» ti)o Sde p^ r*. 19 ^ |i4i^^|V ' ; ^ 

aruOty ai^Ie A to the angle D» the angk AGK vrUlaUo 
be equal to the angle DE f (L 4.) ' 

Bottbea^gleair in equal to the angle ABC {i|)rJ|gl^)v 
confequently the angle AG 9 ypiX alfci he ^qi^d t^ t]^ 
angle abc* and gh will be paraUel to BC (I. U$.) 

And) Gnce the line GH is papdl^ to the line BC» tht 
fide AB will be to the fide AG. at th< fide AG it to the 
fideAH<VI, 3.) 

But AG it equal to 1^1, aqd Alf to BP ; whence thft 
fide AB will be to the $de AC, a^ fh| fi|^ Pf '}$ tq t^ 






- Agam, let ajb be to ac, as de is to df ; and ab to bc; 

as DE to EF ; then will. the triangle. ABC be equiangular 

with the triangle DEF. 

•For. let the feme cenftriiftion be^made as before :»•/. 
• '^:n Tt. '0.: ..:. : ?.«.;» ii:T. .I;*..' ^ ,/*'dr \' kn 
Then, fince AB is to a^: as ag is to ah (dy Hyp.), the 

ilie TJS^^ifl^^ne!fWili6^M iTe-fVI. *i). '^^ttif^ 

tmhgje xistii^libe vqwah^lai! With the triangle' ABC^: I ; 

angular mariglA are proporlionSl (VI. 5;),- the fide ab 
1/tfiIl be to the Me Be, as the fidd^AG-is to the fide CH« . 

But the fide-Ab is to the Md'ht^ *1» the -fide db in t« 
the fide ef {iy ^yp^>; thercfoife,. alftp/'ihfc fide AG will ht 
to the fide GHyks^ fide de Is^li^fide'lif (V. M.) 

And, fince file fide AG; r« -etjnal^hf the'Sde de {iyGm/t.} 
tiie^%»^»iirMR> be ^uiV^t}afm»ff^tV.tnf9>)iikd 
OTrfeqcreniiy iKtf triangle d]^ F* will -be equiangiitar wbh*^ 
the triiHrfft'Ki&H (I, -7.}. or A*o/as was to be fhcKyn. ' ^ 

.V^A -»%*pi«lHa.*^\ Vij ^'♦^TiabiiBMr" ll'.-^n- 




ItJi^Q. pnangies have one ancfle ortne one 
equal to one angle of tlje^o^ber, anq 
dbafS^ t^he, eqaql^tan^les '^popbr^dnal^ . the id" 

dliil«§Nviif be fe^^^ '^ ^ ; -' ^^ --^> 







'. i". 
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^Let''A*Bcr 152^ be tW6 triih^, Irtving'Hhc ingli A ' 
equalto the angle D, and the fide ab to the fide'Aitj M' 



• .\ ^ 



-BSCWK THE sixth! 7 l67 

tfte fideUE is to the fide df ; then will the triangle ABC 
be equiangular with, the triangle DEF. ./• 

For, make AC equal to d£, and ah to DF; aj(id 
join GH-: ' ^ •• 

• Thfea, finctf the fides AG, ah are equal to th^ fidei 
B|;*, DF^, and the angle A to the angle D {hffyp*}^ the iid« 
OH wlllalfo be equal tothe fide £F» and the triangle AQrU 
tiJ the'triaiiglet DBr (L4^) ; ; ., ^ 

^ Andi firice ab is tb ac as ao is to. ah (iy Hyfi.), the- 
line GH wilKbie parallejto the line bo (VLs,) ; and^con.^ 
fe^U^bhtly the angl^ agh is. equal to the angle abc» «nd^ 
^ angle a H g to the angle acb (I . , ^5 ^} v • - ^ 

The triangle AB 6 is,. >theTefore, e^juiangular with the 
triai^^e AGH, aqdcon&quemlx it wilt sdfo be equiang^lar^^ 
wit;h,the^riaftig}e pet. v -;**• , • : ^ , - > Q.J&l {>, • 
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... , . 

In a right m?gj«d tp^ngia^ .a<j)^endiQU- 
lar fronv the right angle, is a mean prqpor- 
tiQn?.! between^ the fegments of the hypo- 
teniife; and each of the fides is a me&ii 
proportional between the adjacent fegfhent 
and the hypotenufe. . r 




Let: ABC ^ a right angled triangle, a];id CD a perpen- 
dicular from {he rigl)t angle to the hypptenufe; then will 



CD be a xne9Q proponioxul bcKtwcen ad 4ii<i Q9 i ao % 
mean proportional between ab ^4 ap ; ^d BC Wtwee(^ 
A^ and 9D, , /: : > p -; 

For, finoe the angle bdc is equal to the iM\gle ach 

(JL>)^ fii4. the ani^.ji \$, 5«|w«iilfeF «PW«^>fli*^t 
43C will be equiangubr (L ^8, C9r.) , ,^ .. ^.^ ^ 

Aadt. in (he lame nianner« it nay be (bewVi thit we 
triangles adc* J^jbc are equiangular | whence the triangle 
^nc if alio eqi^MMlgi^ar with the triangle duc, 

J|ut the fide^^f eqOslingukir triangl^ ere prQ|^i[tiona| 
(Vlf^Oi U)ercfrai^tbe;fiik.AoiaYrilItilde CQt Mtbl^ 
fide CD is to thcl iSde o^ft' ^ " ' " 

^liJttftiwKBce, AKe«te^i9«s^.A^«:>«lic fixeMMch 

oC them equinQjpil^r withrr^ <ai^bP|^i*)^(^qA|k.1ii>yh}ia^ 
tfiAArtf.AQ is^tp3A94 stlA Mi.^iD^lM es^l^anis^lOxaU) 

CLi^i jffbM ifmp iihenawiftii^Xff||^|>6^ 

iKB^ADaifAC^and AA)C9Da::3C^. .h-Amp 

L ij/- '.? V:""' -'^t^ ' '•1*1'. ■ : »j'< .*v.'3 i/J l:.* ^l • } /♦ .'^"•J 
c^pT PROP- 
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, P B; Q P, vm. P»«ni.eM. •-' • ■ ' • « ^- 
went iines, . ^ ' •=" ^ ; , . 

lany angle c. an4 take cd equal to At and C£, lir'^l^) 
> iMfqijqiii ctbeiJ|MiiitiP ^^^ ^tOP tfh^'i | o ^^ptftflgPlo 

For, fmce cfg i»a triain^c, apd |i|; if^pasilkl^fQ 
(% ft?/?.) <51l wi)l be to M »| c^ ip to ^q (V|. J^ 
But p r ia equal to c£, bjr cpnftnifiioii ; thq^cSori^ f^ff- 

if to C£ as C£ is to EG. 

Asd, fii^oe <;q if eQ^aLu>A«, wd (?« tp n^ (^ ftfK*}. 
Jk will be to B aa B if to sci* 

Scholium. A third pfopoi!tional to tmo giv^ righ|' 
lilies, may alfo be found by mc^UB oC the laft ftrnprnm 
fition. 

For let AO, dc be two given right lines, one of which 
DC is perpendicular to the other. 

OHi Then 



Then if cb be drawn at right angles to AC, and ad be 
)woduced till it meets the former in b, db will be a third 
proportional to ad and -DC as was re^uirfed:' • 

Again, let BO, DC be the two giv^n ^igbt lines, placed 
a?«gHt')wgKi t6i5ach"6flicr,''as*^ • *. 

Then, if CA be drawn at right angles to BC; and sib be 
produced till it meets the former in a, da will be a third 
proportional to bd and pc. 
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j^of^'fy^d 2^ hmi3^^^^ to three 

given right lines. ^ 
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^ Let A, fi, c be three givca right liicS'; Jt^retjiiir^lttf'' ' 
fin* i^fourth proportional to them. * '• '- ^' 

' Dra^ the 'two mdefinicc^ tijga/c hti6sr*ix^; DH/^maVkig ' 
aiif an^e-br; and tak^tlE e^uidto A; Bt to fr,>aiid^tP 

Join the points e, p,arid make GH parallel to ef {L^T^)i 

and FH will be thfc foufth propbrtibnat required; - "« *• 

^'^oTi* (bi^e'DGH is' a triangle, and ef is parallel to Grf 

{hyCon/i.) HZ will be to df as eg is to fh (VI. S\) - - * 

?3ut::'0£ is equal to a; dt to 'b, and'Ec to 6 {^^i^9«) ; 

therefore a will be to b as c is to fh (V. 9.) . j. w - 
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P'iR Q P. ■ Xi* Paos^LEM/' 

''To fihid a mean proportidnal bet\»^eferr wo 
given tight linesr. * ... w.,.,/, ^.*-^.j 



A>-^ 



B) ■ " ' 




Let A, B be two ^ven>ight lines; it i^ required to 
find a mean proportional between them. 

p,x^yi tlie ix]fc^finlte rigb^^linje. <>o, i» wbifh t^te,^^E 
equal to A, and ed equal (o B (j. 3.) - . ,; .^ , a v. j ^ , 

Upon CD d,efcribe the femi-circle 'CFD, and. from- the . ' 
poipt E erefl th^ perpendicular EF (L IL) ; ^nd it .Y^ill 
be the pean' proportional requi|:ed. i .> ; ^ .. , 

For join the joints cf, i;o :/ . , -■ • ■ •■ :, 

* Theii^ becau^ pre it a fcrai-circle, the anglp CFJJ it a 
r^gljt ap^l^XVI.^,l6,Ji,,^j^4 C9nfejupmly th^insn^ej^sur 
is reaanguJar.' . .. . ' - ; ,. ,, , ,. .; ... ::'n/-,j,,.;^^j4H 

r:.iAjwl fincc. ^ ^^pcipdicvlpr, from lit^ rightsiain^f^^a' 
m^^ j>r6pprtio|i3l between tlie fcgrtenisr of . th€^; !h^|pQ|eMr 
nufp (VI. 7.), £F will be ^i mean proportional ti> cSv 

' But CEjif.equaJ jq 4ii;ah4 ep to. B (ij C<^^A;,*k¥rCi»? 

fore £F Mrjll. be, a njeap^pfo^^r^l tOjA-Wd J?»iF:*P* 
tobe&ewp. . ' / . f i/i .wj;.4.vV 

ScHpLiUM* If CD, DE bcthe two giffl^ime^,^)?;, 
will be a mean prx)portional to them. 

And if CD, CE be the given lines, cf will be a mean 
propoitonal to them (VI. 7.) 

^^'^^^ PROP. 



itf , EIiEM^,?FT»- Of i .^BCWf |;f ET. 



Wor ^15>4f? \«-g»1^ >f«l»^ !»>« »<# *?^» 

ptrts which iball favre tHe ^iii^^ fft^ ft^^ 
tim givea i%lU; linou 
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Z^ CD be a ffi^ r&Hl^Une^iind'ArB {vfo other fffven 
right lines; it islrequirea to iiviAe CD ii)to two p^rtt 
which fliall be to^^c;^ other in the ratio of A ^P s* 

Draw the in^je&nite. right Iine.CG». making any angle. 



'■ ' joar tne ifoints g D ; ana maRC f e paraiiei to o x>w|[ !• ^7 ^i;: 
and it^^'di^iae^fcD ih tfe ^i ^ i^^qiit^ ^'; '^ 

^^Wr^m^ fe&tiii a {^|w kija^^t' if^'pa^M t6'^6]»: 

(»^(SJsJiM^ai^ti^b^ CF iiW ^c'r^L 5.) " ^^ 

^ira i^diiaf tci A^an^ fg to Bily^eonjq] tlieA^:* 
fore OS will be to ED as A » to p (V. 9.j .. ^ 

'^ac'Umi^k. In%arfy t)ie fmiai^ii^'^att^ 

fbuith. or a^ otlil^ ^^'be ctit dr W I'liv^a'hiie'ailV^ 

'roHf ''c^ ite YdMle^liif Anie inuHijile of c f tli^ tfiT is . 

of'tlk«)iyrtk''iifid Gp; VE be drawn at iWe> ^s wilfW' 
tKe part. reiiunWi. • - ' ' ^ ■•' ' "• '■ -'" "'' ■--•^^^''•^"^^•••-' ^■•<» 
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v-sTtWt -^fti Hfi^lfi i ' 'ffS 
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/ v$f fow>rigbt: Hats i)« ;|)repoiilianfi]i ii^he 
itoftnngk:^ tbife ^itnmesitk^ be ^otlt^Q 
the redlangle of the meaiit:^ iMijiifil^irsA^ 
jitigle 6? thfi^.extreihes bie equietl to the reft- 
angle of the/means» the four lines will ba 
proporCiotial;/ / \ 
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kk»^j ^ .> ^ 



Ixt f k % to CD as f; is to j .: , the^ jwjW Ui^ JfW^Sle 

fr. 10, 10. and, PG perpenaiclilar l;o ,^D,.^n4 ?«^W^^^^ 

parallel to cb (1^7.) . , ^ ,j ;,i,,. ^3 ^.^^ 

jTfaen^sGnce parallelograms of equal altitude*, are to 

Aftf .fince AB is t9 ??p,a« S,i» t<^ F,(4)f,t%-^jO?ia^.«!0 

4he parallerogram CK as dg is to dk (V. \y ,.,,„ ,^^.q -^^j 
But parallelograms of the fame bafe, are to each ouier 
as their altitudes (VL 2.) ; whence the parallelogram CG 
inll jdfe b« to the parallelogram CK, as DC is to DK. 

'■'iOH'^ And 



;1T|4 ELEIf^pKTB OF GBOMBTRT. 

And becaufe ratios which are the fame to the fame 
ratio are the fame to each other (V. 11.), the parallelo* 
gram ah mU be to the parltlldogram^Cids aft the parallelo- 
gram CG is to the parallelogratn ck. 
'"'TbJink^imii i^hicf{h2i^ekhe falAitf fttio'tt^'^the fame 
^gerici^e afe"' eqiial to' «eeb other (V. lOi) ; vtence the 

. AffsiguJct^H, the rcfUngle of the extremes, bq. equal 
to CG, the rectangle of the means ; then will a B be to CD 
MS E'ls'to r. I f» - » - fw . .. . 

For, let the fame conftruftion be made at bcforer 'v ' 
Then, fince reOangles of equal altitudes are to each 
other as their ba^fes (VI.|^.), the reflangle ah will be to 
the reSangle CK-as ab is to CD. 

And, becaufe the feftingle Aft ts equal to the refiangle 
CG {by Hyp.), cd wiiratfo be to CKas ab is to CD (V. 9.) 
, But CG U.toC!cas-DGis to dk or bh (VL g,), confe* 
auenjJy AB Vfill be to CD as d.g is to BH.^fV.. IL) • - 

* •*^' f ■ ^ ^- <• ; ; (>l ii ■ J :f,'. i.^»« * ^* '••3 f. 

And^ fince dg is equal to £, ^n^ bh to j, AB will be 

to CJ>aS £15 F (V. 90 

Q.E. 

^: ..: kh l:- • r a ' ;i *. :>..' -y^ ...... 
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P Jl O P. XIII. Theorem. . . 

If three right lines be proportional^ tKi 
refitapgle of the extremes will be ecjuzJ tp 
the fquare of the mean : and if the re6biigl€ 
df the eitretnes be eqiiaL; to the fquare of 
the mean, the three lines will be {iropof- 
tional. 
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•'^tift'AB bctofct) Wcds'to k ;'then wilt Ac reftangle 
of AB and E'^lie itfbiVtd t1\6 fquare df cd. ' * ' ''''•'-} 
--Fot makes ife:'peipt»ndicalaf to ab (I. 10.) and equal 
to E (I. S.) and upon CD defcribe the fquafo.cc (IIvl.)» 
afid ihake f equal to CD. 

Then, fince CD is equal to F, and ab is to cd as CD if 
to E [hyHyp.)^ ab will alfo be to CD as F is to £ (V. 9.) 

And, (ince thefe four lines are proportional, the re£l« 
angle of ab and £ will be equal to the re£langle of CD 
and F (VI. 12.) 

, But the reflangle.of CDand F is equal tothe fquare of 
CD, becaufe CD is equal to f ; therefore, alfo, the re£l- 
angle of AB and £ will be equal to the fquare of CD. 

Again, if' the re6langle of AB and £ be. equal to the 
fquare of CD ; ABwill be to CD as CD is to £. 

JPor let the. fm^e^conilrufUoa^beiD^de as before : 
G y. If ^ Then, 



Then* fince tbe reSangle of ab and £ ti equal to thf 
fquare of CD (fy Hyf^t ^nd the fquare of CO it equal to 
the refiangle of cd and r (A. 2«), the feftan^ ot AB 
and £ yiHl alfo be equal to the it£langle of CD atid r« 

But if the refiangte of the extremei be equal to that of 
iht means, the lour tines are proportional (VL ii*)$ 

Md&cetb istqialto v« by conftraAioni Ai will 

betocnatGii^fsto &« 



P fe O P. XI Vi TuEomuL. 

Equal paraUelograms and trkngles have 
their fidet about e<][ual angles redprocapy 
j^porticnal ; and if the fidea alwut equal 
(Migles are recifMrooc^y {yrafMnrtieaal, die ]mi« 




i»t aa^ ^ire be mo ^^uil ^aniUdbg!w«s, suft'aFA 
<^ik^€ 'iiMo ti^ftdrniKfgti^ ^v^ 'tbk ahj^ liAt t^nil ib 
thtnffetC'Ati^itftii^^ i^4lMi be te da iftfe iklU 
aatbs iAi^ae is toila fi4e WF. 

For let4bfi «iei MK ^Mi t*^lai!i«d% OmUUat iSgk 
line. aad ^ ^ ii^UfcVrfiT i llteyitt x Jdk 

'• Tlies/ 



***%fe?!^efeure^life aigles DXr, 'taiI are cq^afto'two 
Irt^fcl^Xl/ l^'.y,' artd-'^e ah^fe t^E'^i equal tii'tfee 
UgkfD'AC^yiS.I; the'anglesDAF, D^G^^e auofequtf 
to twoH^iffht angles ; diid confequently fag is a rj^hf line, 
*'*. Wnlilirlbe'ihe p^lletogfam ab is equal to the parallel- 
c(5nftn**Vo {tf/'I^^j^^'iAd Ak"* is "another parallelograifa, 

AB IS to AK as AC is to AK f^^^v^.) 

^*'*15tlt AK W'tA Ac as DA to ifte»{VL 1.), and ak to 
AC as AG to af ; whence da is to ki ^as ag is to 

And, if FE ibejoinied, it maybe fheWn, in like man* 
tier, that the triangle daf is to the triangle afe as the 
triangle g At* k'^i^TtJ^etri^ngl^AF^jvanji i^a to ae as 
AG to AF. 




l^tt^Mi* Acpih j the briangle df A*to the triangle gae* 
'eTop/fiiceifcA in- to' A^rii ag to'-XF (ijf Hfp.), 'dn» dI 
to AKjf AJk<t<i?AK.(Vl4; l!^ JU&Miil be«0''^4lf,fi -A«^ 

AK(y. li.) .^ 

But AG is to AF aTXC 'to ak (VL 1.); whence^AB 
is to AK as AC to j^&.j(VaJIJI^J ; and confequently 
the pafallelogram abMs equal to the parallelogram AC 
(V. 10.) J _ 

And fince triangles are the halves of parallelograms, 
which" have 'ttelame-bailismd altitilde," tte trizmglcDFA 
wiiUM^equaFtoUie triangle AAEr 't^ "^ '*-'^^ 

C ORO L L. The fides of eiitfea reffcSiigTefgrfe reciprocairy 
pwljPof'HOtePl^affd iffThft "^dSf ai4 re^procally propor- 
tional, the reaan*ftrT«B*e^aJr-^' ''^ -■ ' ' " 
-•»'*-i N * PROP. 
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PROP. XV. PaoBn;M- 

Upon a given right line to defcribe a rec- 
tilineal figure, fimilar, ai)d fimilarlj Actuated, 
to a given re6lilineal figure. 





Let AB be the given right line, and CDEfCthe givem 
reSilineal figure ; it is required to defcribe a reSilineal 
figure upon ab, which fliall be fimilar, and fimihrly fitu- 
ated to CDEF6. 

. Join DG, DF ; and at the points a, b, make Utt an^es 
BAL, ABL equal to the angles DCG, cdg (I. ^0.) 

In like manner, at the points b, l, make the angles 
BLK, LBR equal to the angles dgf, gdf : and bkh» 

KBH equal to DFE, fde. 

Then, becaufe two angles in one triangle are equal to 
two angles in another, each to each, the remaining angles 
in each of the correfponding triangles, will alfo be equal 
(I. 28. Cor,) 

And fmcethe angles alb, blk, are equal to the an- 
gles CGD, DGF, and LKB, BKH to GFD, DFE, the angle 
ALK will be equal to the angle cgf, and the angle lkh 
to the angle gfe. 

And, in the fame manner, it may be (hewn that the an- 
gles KHB, HBA and BAL are equal to the angles fED, 
IDC and dcg. 

The 



s^oa: tut, siitH. • ' i79 

- ^Jie^gtt*'®* AEHKt artd gd-efg- are, tberefore, eqm- 
tngular : and they have their fides about the equ^l angled, 
nlfo^ prckportioned. 

For, fioce the triangles ALU, cOB ^re' equiangular^ 
At wili be to LB as CG to CD, (VI. 5.) ; 6t Al fd cc a» 
iB i^ GD (V. 15.) 

And, in like manner, lk will bef toLB air 6f to Gh 
{Vl. 5.) ; or LK to gf as lb to gd (V. 15.) ^.* 

But patios which are the fame -to the fame ratio arc 
the fame to each other (V. 11.) ; whence At will be t6 

CG Z% LK to GP ; OF AL tO LK aS CG tO GF (V. 15;) 

And, in the fame manner^ it may be flie^m, that the 
fides about the angl^ k, h, b, a, arc pfoportional to the 
fides about the angles f, b, i>, c. 

The figure abhkl is, therefore, fimilar, andfimrfarly 
fituated with the figure cd£fg (VI. Def. 1.); and it is 
d^ribe^ upon the right line ab, as was to be done. 

P R Q P. XVL Theorim. 

Equiangular, or {imilar triangles, are to 
t^ch, other ^^i the fquares of their homologous 





Let ABC, DEF be two fimilar triangles, of which the 
fides AB9 D£ are homologous; then will the triangle abc 

N g he 
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be to the triangle 0EF as the fquare of AB is to the fqu'arc 
of DE. 

For, on AB, DE defcribe the fquares al, dn (II. l-)f 
and let fall the perpendiculars CG, fh (I. 12.) 
. Then, fince the. triangles arc, def are fimilar (ty 
Hyp.)^ AC will be to AB as DF to de (VI. Def. 1 ;) ; or 

AC to DF as AB to DE (V. 15.) 

And, becaufetbe triangles AGC, dhf are equiangular, 
^C wilKbe to cc as df to fh (VI. 5.) ; or. ac to df as 
CO to FH (V. 1^.) 

But ratios which are the fame to the Jame ratio, are the 
fame to each other (V. 11.); therefore CG is to f h as ab 
to DE ; or CG to AB as FH to DE (V« 15.) 
. j(Vnd iince triangles which haye the fame bafe, are to 
each other as their altitudes (VI. ?.), the triangle ABC 
is to the triangle arb as CG is to ak, or ab. 

In the fame manner it may be ihewn, that the triangle 
^£F is to the triangle dm£ as FH is to DM, or DE. 

But CG has been fliewntobeto ab as fh is to de; 
therefore the triangle abc is to the triangle akb as the 
triangle def is to the triangle dme (V. 11.) 

A];id (ince the fquare al is double the triangle akb 
(I. '62,), and the fquare DN is double the triangle DME, 
the triangle ABC will be to the triangle def as the fquare 
AL is to the fquare dn (V. 15 and 15.) 

Q.E.D. 
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PROP. XVIL Theorem. ( 

Similar polygons are to each other a&. the, 
fijuares of their homologous fides. 





Let ABCDF., FGHIK be fimilar polygons, of which AB» 
tG are homologous fides ; then will the polygon abcde 
be to the polygon FbHiK as the fquare of ^ab is to th« 
fquare of fg. 

For join the points be, bd, ok and oi : 

Then, fmce the angle A is equal to the angle F, and At 
is to AE as FG is to FK (VI. Def. 1.), the triangles eab, 
itFG will be equiangular, or fimilar (VI. 6.) 

And if, from the equal angles aed, fki, there be 
taken the equal angles aeb, fkg, the remaining angles 
BED* gki will alfo be equal to each other. 
. But ED is to jfit as. EA is to KF (VI. Def. 1, andV. 
15.), and ea is to KF as eb to kg (VI. 5. aridV. 15,); 
whence ED will be to ki as eb is to kg (V. 11,) 

Since, therefore, the angles* bed, GKI arc equal to 
each other, and the fides, about them are proportional, the 
triangles bed, gki will,. alfo, be equiangular, or fimilar 
(VI. 6.) . 

And, in the fame manner, it may be fliewn, that the. 
triangles BCD, ghi are equiangular, or funilar. 
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But fimilar triangles are as the fquares of their like^ 
fides (VI. 16.); whence the triangle eab is to the tri-- 
angle kfg as tlief^uare of EB'is to t'heftj[uaret)f kg. 

And, for the fame reafon, the triangle ebd is to the 
tlfefflgfe -KGi as the Square of eb is to the ftjuare of KGr 

But ratios which;, are itjue fanie.tp. the fatnc. ratio, are 
the fame to each other (V. 11.) ; whence the triangle eab 
is to the triangle kfg as the triangle ebd is to the trif 
angle kgi. 

And in the fame manner it tnay be fhcwn that the tri- 
angle ebd is to\he'triangle kgi as the triangle dbg is to 
the triangle igh*. 

, The triangle eab, thcrfeforie, is to the triangle KTG, 
as the triangle ebd is to the triahgle klgi» and as the 
tfiangte DBC is to the triangle igh (V. 11,) 

And fince the fum of the antecedents is to the fom of 
the confequent$ .as the firft antecedent is to its coirfe- 
<jbeiit.(V. 16.), the polygon abode vrill be to the polygon 
PGHiK as the triangle eab is ib the triangle kfg. 

But the triangle eab is to the triangle KFG ai the 
fquarebf ab is to the fquare of fg {VL 16.); wlicuce 
the polygon abode is alfo to the p<^ygon fghik astbe 
fquare of ab is to the fquare of fg* 
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PROP. VIII. ' Theorem. 

Parallelograms and triangles, having two 

equal angles, are to each other as the re6l- 

angles < of tlie fide^sr which, are about thdie 
angles. '^. v 




Let AB, AC be two papallelpgrams, iiavlng the angle 
DAFequftl to the angle gae;. then will ab be to AC a|^ 
the reftangle of da, af is to the re£lang^e oT ga, ae. , 

For let the fides da, ae be placed in the fame right 
line, and complete the parallelogram A K. 

Then, becaufe the angles daf, fae, are equal to two 
right angles (I. IS.), ^md the angle fae is equal to dag. 
(I. 15.), the angles DAr^ dag are alfo equal to two^ 
right angles ; whence fg is a right line (I. 14.) 

And fince parallelograms, of the fame altitude, are to 
each other as their bafes (VI. 1.}, the parallelogram ab 
is to the parallelogram ak as ad is to A£. 

But AD is to AE as I the reftangle of ad, af is to the 
reftangle of ae, af (VI. 2, Cor^ 2,) ; therefore ab is to 
ak as the reftafigle of ad, af it to the reflangle of ak, 
af(V. 11.) 

And in the fame manner it may be fliewn, that AC k 
to AK as the re£lan^e of ag, A£ is to tl^e re£bngle of 

N 4 Al, 
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AB, AF ; whence ab is to AC as the re&angle of AD, AF 
is to the reftangle of AP, AE (V« H and 15.) 

Again, let dfa, a eg be two triangles, having the 
angle daf equal to the angle gae, then will dfa be to 
AEG as the reftangle of da, af is to the reftanglc 
of ga, ae. 

. For let the Gdea DA, A £ be placed in the fiime right 
line; and complete the parallelograms AB, AC, aKj 

Then, as before, ab is to AC as the re6langle of da, 
AF is to the reftangle of ag, ae. 

But the triangles dfa, aeg arq half the parallelograms 
ab, AC (I. 30.) \ whence d^a is to aeg as the re£langle 
of DAi Af is to the re£laiigle of ga, ae. 

Q.E.D, 

Scholium. If the line ef be drawn, the latter part 
of this propofition may be proved from the triangles, in«^ 
dependently of the former, 

PROP. XIX. Theorem, 

The reftangles under the correfponding 
lines of two ranks of proportionals, a-re th^in-- 
felves proportionals^ 
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Let AB be to CB as de is to fe, and gh to gk as lm 

io LN ; then will the re£langle of A9, gh be to that of 

••► CB, 
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CB, GR as the re3angle of D£, lm is to that of fe. 

For draw BQ, ES at right angles to ab, de (I. ^l.)» 
and make bp equal to gh, bq, to gk, er to l My and 
ES to LN (I. S.) : and complete the parallelograms AP^ 
CQ, DR and FS, 

Then fmce parallelograms, of the fame altitude, are to 
each other as their bafes (VI. I.), ap will be to cp at 
AB to CB ; and DR to f R as de to fe. 

But AB is to CB as de to fe {by Hyp.) ; whence ap 
viU be to cp as dr to fr (V. 11.), or ap to UR as « 

to FR (V. 15.) 

And fince parallelograms of the fame baCe ar# to each 
other as their altitudes (VI. ^.), cp will be to CQ as bV 
to BCL; and fr to fs as er to £S. ' 

Or, becaufe bp, bq are equal to gh, ok, ahd ]^, £9* 
to LM, LN [iy Conji.), cp will be to ccias GH to GK; and 
FR to ^^as LM to LN (V. 9.) • 

3ut GH is to CK as LM to LN {by Hyp.), therefore CP' 
will be to Cd as fr is to fs (V. 11.)^ or CP to FRasca 
to FS (V. 15.) ^ : 

And it has been before ihewn that ap is to dr as cp 
to FR ; whence ap is to DR as CQ to ^6 (V. 11.), or af 
to CQ as DR to FS (V. 15.) 

But AP is the reftangle of ab, gh ; CCl of CB, GK ;' 
»Rof Dj:, LM ; and fs of fe, ln (by Confi.); therefore 
the re£langle of AB, GH is to that of CB, GK as the re£U' 
angle of dz^ lm is to that of fe, ln. 

- Q.ED. 
- Co ROLL. Thefquaresof four proportional lines arc 
^hemfelves proportionals. 

PROP- 
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PROP. XX. Theorkm. 



The fides and diagonals of four propor^ 
tion^l fquares,. are thenoifelves proportionaL 



V. « 




Let AC, X F, H L and an be four proportional fi^narcs ^ 
then will their (ides and diagonals be alfo proportionals. 

For,' wek» & a fourtii proportional to ab, db and hk 
(VI. 9.} ; anddraw the dia^nals bo and km. . 

Then, fmce ab is to. eb as HK is to s {iy Confi.)-^ AC 
will be t^ SF 38 HL is to the fqusure of s (VI. 19. Cor.) 

And. becaufe ac is to Ef as ul is to qn {by Hyp.)^ 
HL will be to the fquare of *^ as. HL is to qn, or the fquaro 
of aK(V. 11.) 

But magnitudes which have the fame ratio to the fataie 

magnitude are equal to each other (V. 10.); wh^ce tlW; 

iqiiare of s is equal to the fqttare of qk. 

' And fmce. equal fquares bare equal fides (11. ^.}, s !s 

equal to qk ; and confequently a^ is to £B as. UK tx> 

QK. 

Again, bccaufc the triangles A9 9, ebg are equiangiu 
lar« AB will be to eb as fiD to bo (VI. ^.) 

And becaufe the triangles HKM, QKP are alfo equi« 
aaguJar, hk will be to qk, as km to kp (VI. 5.) 

But AB has been (hewn to be to £B as hk is to qk ; 
confequently bd is to BG as KM i$ to KP (V. U.) 

Q, E. D. 
PROP. 



booil: thb sis:tb:» 
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'» • 



To, cut a giyqn right line in extreme and 

^ ^.•.4-. ./ 1.' * 

mean prpgortioji. , 




' Let AB be the giveh rijght line ; it is required to cut it 
In extreme and mean 5)roportion. 

Upon AB defcribethe fquare.AC (II. 1.), and bifeft 
the fide aj> in e{I. -10 J and join. be. r 

In EA ^produced, taJc^ ef equ^ 4:o £B (I. 5.) ; and' 
upon A F defcribe the fqqare f.h (II.. I.); then .will AJfi; 
bfi divided at the point h as was required. 

For finG€ DF is the fwm of eb, ed, or £b, xa, and. , 
af is their diflerence^ the refiangle of j)F, JA is eqital 
to the difference of the fquares of eb, 5A (II. IS.) 

But the reftan^k of dFj FAis^qual to DC, becaufe 
FA is equal to fg ; and the difference of the fquares pf 
j;b, ea is equal to thefquareof ab (II. 14. Con); whence 
PG is equal to ac. 

And if from each of thefe equals, the part ak, which 
is common, betaken away, the remainder AG will be equ<^ 
to Ihe remainder hc. ^ 

But equal parallelograms have the fides about eq;ual 
angles reciprocally proportional (VI. 15.) ; whence rfK 
is to HG as UA to HB. 

And fince hk is equal to ad, or A^, and kg to.HA^ 
AB will b^to II A as UA is to hb« Q.E.D. 

PROP. 
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PROP. XXII. Problem* 

To divide a given right line into two fuch 
pitrts, that their re6langle may be equal to a 
given fquare, the lide of which is not greater 
than half the given line. 




Let AB be the given line, and c the fide of the given 
fquare ; it is required to divide AB into two fuch parts 
that their reChungle may be equal to the fquare of c. 

Upon AB defcribe the femicircle bda, and make bf 
perpendicular to ab (I. 11.), and equal to c. (1. 3.) ' 

Through F draw fd parallel to AB (1. 27.) ; and from 
the point d where it cuts the circle, let fall the perpendi- 
cular D£ (I. 12.) ; and AB will be divided at £ as was 
required. 

For fince bda is a femicircle (^j? Con/t.)^ and DE is 
perpendicular to the diameter ab {iy ConJI.)^ the reft- 
angle bf ae, eb will be equal to the fquare of ed (VI. 7, 
Cor.) 

But ED is equal to fb (I. 30.) or c ; whence the refl- 
angle of ae, %h will be equal to the fquaref oi c as was 
to be fhewn. 

Scholium. When bf, or c, is^qual tohalf ab, fd 
will be a tangent to the circle, and the rcftangle of aEj 
SB M^ill be the greatefty oQible. 

PROP. 
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PROP. XXnL ?isi^ 



To a giren right Boe to add saoaer r^pc 
line fach, that the r&azz£e vC iit^ v:iiii* 
and tbe part added &2ZL si!: tsxsai n & ^ 
fquare. 



/^'k 



L£t AB be tbe grrea Eze; x&i r oe iice ic is/e 
fqiure ; k is reqcirei ao m£ s Ine iXr .a^ Susu 

CO tbe fqmre of c. 

Afafce B2 nfuw it rrT Ja r ts A3 ^ :i.^ autf ^9:^ 2» 
C (L S.J ; 2lfb bsfas AS ^ '^ T. ji^^ MULjua. 

Then, if ABbepesiJaeec«aEDC -^ase^aibsz »& 
(I. 5«), tbe pan S9 irH sc atfisert 1^ x^ m vm 

For OP AS Atirvhr ae yx-.r-r-nit i^Ijl, rnmn^^^^ 
F^ and JMn Ji>« 

Then, fince tfaetvo £(90 ^S, '^sc :l]e x^aa^ ';^x 
are equal to tbe tmoiat^cf^ ^z^^ 'X :;]ei:uii|p; ^x. 
and the angle G is coBaKH* ^ze 2:^ ';^j4f^ tf*:^! v^ c^v^ 
to the angle CFD, asise Xi^ ^ SIS. !»!: I^ d -^ ^ . 

But tbe aa^ cas 3f a ts^ wu^ ^ Cji^ #2#»r:e 
the angle CfD iia2Jbanrx»)^; ma."^'^^^;^'-^''-' '^ 
is a tangent CO iLe cxr«< f "^III* JS ^ 



And fince df is a tangent to the circle, and da is draw^rt 
to the oppofite part of the circumfeitnce, the reSangle of 
AD, DB will be equal tpthe fquare of dp (IM. 29.) 

But D F has been fhewn to be equal to be or c ; whence 
Ahe re£^aq|^)e of Al^^ da will alfo be equsil to ^q fquare 
of C 

• • • • 

PROP. XXIV. Theorem. 

Angles at the centres or circumferences of 
equal circles, have the fame ratio with the 
arcs on which jthey ftaud* 





' Let ABC, DEF be two equal circles, ill which BGC< 
KHP are angles at the centre, and bac, bdf angles at the 
•circumference; then will the arc bc be to the arc ef as 
the angle BOC is to the angle £HF^ or as the angle BAG 
to the angle edf. 

For on the circumference of the circle ABC tatc any 
•number of arcs whatever CK, kl each equal to bc; and 
on the circumference of the circle dee any number of 
arcs whatever fm, mn, each equal to EF j and join gk, 

OL, HM, HN. 

Then, becaufe the arcs bc, gk, Kt are all equal to 
each other, the angles bgc, cgk, kgl will ^Ifo be equd 
to each other (III. ^1.) ' 

S And, 
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And, therefore^ whatever multiple the 3ttBL »-of the 
arc BC, the fame multiple will the angle bgl be of the 
angle BCC. 

For the fame reafon, whatever multiple the arc ek is 
of the arc s f, t^ie fame multiple will the angle £U N be of 
the angle bhf. 

Ify therefore, the arc BLbff equal to the arc bk, the 
angle bgl will be equal to the angle bhn ; andif equad, 
equid ; and if lefs, kfg« 

But BL and bgl are any equimultiples whatever «f bc 
and boc, and en and bhn of ef and ehn ; whence the 
arc BC is to the arc ef as the angle bgc is to the angfe 

And fince. the angle bgc is double the angle bag,, and 
•the angle ehf is double the angle bdf (IJI. 14.},. the 
arc BC will alfo be to the arc ef as the angle bac is to 
the angle BDF (V. IS.) Q.E.D* 

PROP. XXV. Theorem, 

• / 

The re6langle of the two fides of any tri- 
angle, is equal to the reftangle of the feg- 
ments of the bafe, made by a line bifefting 
the vertical angle, together with the fquare 
ef that line. 




Let ABC be a triangle, having the angle AC b bife£led 
Jiy the right line CD ; then will the reftangle of ac, Cb 

be 
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be equal to the re£langle of ad, db» together with, the 
fquare of cd. 

. For, about the triangle Afic, defcribe the circle ABC 
(IVi 5i\ cutting CD, produced, in E ; and join SB. 

Then, becaufe the angle ago is equal to the angle 
SCB {By Hyp.)y and the angle cad to the angle ceb (III* 
15.}, the remaiiiing angle ADC will be equal to the re« 
jnaining angle cbe (1. 28. Cor.) 

The triangles CAD, ceb being, therefore, equiangular, 
CA will be to CD as CK to CB (VI. 5, ) ; and confequcxitly 
die re£langle of CA, cb is equal to the re£langie of cs, 
CD (VI. 12.) 

But the re£langle of ce, CD is equal to the reftangle of 
ED, DC, together with the fquare of CD (II. 10.) ; whence 
the re£tangle of ca^, cb is alfo equal to the re&angle 
.of ED, PC together with the fquare of CD. 

And fince the reftangle of ed, dc is equal to the refl- 
angle of AD, DB (III. 27.), the re&angle of AC, cb is 
atfo equal to the re£langle (tf AD, Hh^ together with the 
fquare of CD. 

Q. E. D. 



PROP, 



PROP, XXVI. . T«jEo^EiJ. 

The reftanffle of the two fidei of any tri- 
angle, is equal to the rectangle of th6 per- 
|>endicular, drawfa from the yerticia! |fltgle '^t& 
the bafe, and the diameter of the" circiio^ 
fcribing circle. . •* 




Let ABC be a triangle, having cd perpendicifar to ab ; 
then will the reftangle of AC, cb be equal to the refllaiigte 
of CD and the diameter of the circumfcribing circk. ^ 

For, about the triangle abc- defcribe the eircle Ath 
(IV; 5.); in which draw the diameter C£ j andjoin EB. 

Then, fince the angle c ad is equal to the angle CEi 
(IIL 15.) and the angle ADtJ to thie angle' E'BC, being 
each of them right angles {Conft. and III. IG^, the re- 
fhaining angle acd will be equal to the remaining angle 
ECB (L 28. CorJ) ' ' 

The triangles ACD, ecb are, therefore, equiangular; 
whence AC is to Cd as C£ is to CB (-VI. 5.) ; arid confe- 
quently the reSangle of AC, CB is equal to the reflangle 
of CD, CE (VI. \2.) Q.E.m 

SckOLiUM. When abc is an, obtufe angle, the per- 
pendicular CD falls without the circle j but the fame de- 
monftfation will hold. 

O PROP- 
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P R O p. XXVn. Theorem. 

• . ■ . 

. The rcftapgle of the jkwo diagonals of any 
iquadrilateraly infcribed in a circle^ is equal 
to the fum of the refiangles of its* oppolite 
fides. 




. Let ABCO be any quadrilateral infcribed in a circle, oV 
.which the diagonals are AC, bd ; then will the re£bngle 
of AC, BD be equal to the re£langles of ab, dc and 
Al>» BC. 

For make the angle CD £ equalto the angle adb(I.$0.); 
then, if to each of thefe angles, there be added the common 
angle edb, the angle ade will be equal to the angle cdb. 

The angle I>A£ is alfo equal to the angle dbc, being 
angles in the fame fegment, whence the remaining angle 
AED is equal to the remaining angle BCD (I. 28, Cor.) 

Since, therefore, the triangles ade, bdc are equian- 
gular, AD is to AE as BD is to BC (VI. 5.) ; and confe- 
quently the reftangle of ad*, bc is equal to the reflanglc 

of AE, BD (VI. 15?.) 

Again, the angle cde being equal to the angle adb 
(iyCon/l.), and the angle ecd to the angle abd (III. 15.), 
the remaining angle ced will be equal to the remaining 
angle bad (I. 58. Cor.) 

The 



The triangles ced7 adb are, therefore, alfo equiangu- 
lar ; whence ab is to bd as EC is to DC (VI. 5.) ; and 
confequently the reflangle o£ ab, oc is equal to the reft- 
angle of ec, bd. (VI. 12.)' 

And if, to thefe equafc, there fce added the former, the 
.iie£bnigle of ab, dc together i^b' the te£lang1e of ad, 
Bc will he equal to t|[ie,re6bnde of £C» bd together with 
the rectangle of ae, bd. 

But the re£langles of ae, BD, and '£C, Bd are equalto 
therefikngle of AC» bj]^ (II«8.); whence the re£langle 
of AC, %T> is idfo e^^ial to the reflangles of ab, dc and 
AD, BC ; '\ 

Q.E.D. 
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BOOK VII. 
DEFI NATIONS. 

1 . The common ieflion ot two planes, is the line in 
which they mcet» qr cut ejch Qtji^. 

1?. A right liii« is perpendicukpta ai^phme, w:ben it is 
peppendiculaF to eyery -right line wl^cb meets k in thait 

plane. •. 

5. A plane is perpendicular to a plane, when every 
right line in the one, which is perpendicular to their com- 
mon- fe£lion, is perpendicular to the other. 

4. The. inclination of a right line to a plane, is the 
angle it makes with another line, drawn from the point 
of feftion, to that point in the plane, which is cut by a 
perpendicular falling from any part of the former. 

5. The inclination of a plane to a plane, is the angle 
contained by two right lines, drawn from any point in 
the common feftion, at right angles to that feftion ; one 
in one plane, and the other in the other. 

6. Parallel planes, are fuch as being produced ever fo 
far both ways will never meet. 

7. A plane is faid to be extended by, or to pafs through 
a right line, when every pait of that line lies in the plane. 



PROP. 
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W 



The common l^ftion of any two plane) is 
a right line. > 




Let Ap, CD be two planes, whofc common feflion. is 
SF ; then win £f be a right Vmi. 

For if not, let tCE be a right line, drawn in the plane' 
AB ; and FK.E another right line, drawn ih the plane CD. 

Then, fmce the lines fge, !ke are iii did^rent planes, 
they mull fall wholly withdul fcach Whei". 

But the line Ege, having the fame extremities with thi^ 
line FR£, will coincide with it : wliKnce they coincide 
and fall wholly without each other, at the lame time, 
which is abfurd. 

The lines fge, fk£ cannot, therefore, be right lines; 
and confequenfly the line £F, which lies in each of the 
planes, mufl be a right line, as was to be (hewn. 

Scholium. One part of arigluUne cannot be in a 
plane, and another part out of it. F«r fince the line can 
be produced in that plane, the part out of the plane, and 
the pait produced would have different dire^ions, which 
ii abfurd. 
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PROP. II. Theorem. 

« 

Any tfiree right lines which mutually in- 
terfe£t each othe;*, are all in the fame plane. 




Let AB, BC, ,CA be thrct right lines, which interfeft 
each other in the points a, b, c ; then will thofe lines be 
in the fame plane. • 

For let any plane ad pafs through the points A, B» and 
{»e turned round that line, as an axis, . till it pafs through 
the pdnt c. 

Then, becaufe the points A, c are in the plane A d» 
thie whole line AC muft alfo be in it ; or otherwife its parts 
would not lie in the fame dire£lion. 
. And, becaufe the points b, C are alfo in this plane, 
the whole line BC ipull likewife be in it ; for the fame 
feaf<ini . . ^ 

But the line ab is in the plane ad, by hypodiefis; 
"whence the three lines ab, sib, CA ar^ all in the fame 
plane, ias Was to be iBicwu. 

Con. Any twa right Hnfes which interiba each other, 
are Voth in the fame ^lane ; iHd through any three points 
a plane may be extended* . 



PROP. 
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PROP. III. Theorem. 

If a right line be perpendicular to two 
other right lines, at their point of interfec- 
tion, it will alfo be perpendicular to the 
plane which paiTes through thofe linei4 




Let the right line ab be perpendicular to each of the 
two right lines bc, bd, at their point of interfe£lion B ; 
thea will it alfo he perpendicular to the plane which pafles 
through thofe lines. 

For make Bp equal to bc; and, in the plane whlcK 
pafles through thofe lines, draw any. right line BE;. aniA 
join the points CD, ad^ i^E and AC : 

Then becaufe the fide bc is equal tQ the fide B0 {ly 
Onft.)^ and the perf^dicular ab is. commoQto each of 
the triangles abc, abo, the fide AD will alfo be. equal 
to the fide AC (1. 4.) 

And fince the triangles CAD, CBD are ifofpeles, the^ 
refiangle of C£, £D, together with;^e^ fquayre of £b; is 
equal to the fquare oijxi^.; and tbe.reQangle of C£,. £0 
together with the fquare of £A> is ^qu^ 'to the fquare 
of AD (11.20.) ;,-,/. 

From each of thefe equals, take away the re6iangle of 
C£» £0 which is common, and the differeoce of the 

f\ O 4 fqiiares 
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fquares of eb, ea will be equal to the difference of the 
{quares of db, ad. 

But the diff(irehte o( t1ie f(ri[ukre9 of ])Br Ad is equal to 
t)je £qukre o£ A9. (IL 14 Con) ;, whence the difference of 
tne fquares of £B, ea will alfo be equal to the jquare of 
AB ; and ^onlequehtly aB is perpeiidicular to B^^ ^8 W^ 
tift-be ftewii. :: ;' .'r 

CoRQL(4« If aright lihe be perpendicular to three otl^^r 
right lines, at their point of interfe£lion, thofe lines wilt 
be all in the fame plane. 

For if either of them, as B£» were above 6t below the 
plane which paffes through the other two, the angle ABE 
would be lefs or greater than a right angle. 



P R O P. IV. Theorem. 

If two right lines be perpendicular td th«J 
£ime plane, they will be paralfel to each 
dthef. 




I • ' 



. Let the right lines ab, cd be each of. them perpendi^ 
cttlar to the plane fg, then will thofe lines be parallel to 
4aeh other. 

For join the points d, b ; and, in the plane fg, make 
pt perpendicular to Db, and equal to ab (I. 11. 3.); and. 
join the points A£, ad. 

• - 8 Then* 



Then, fince the right lines ab, CD are perpendicular to 
the plane fg (iy JSyp^^ the angles ab a, A^k, cdb and 
cjp E will be right .angles ( VII. Dtf^ 2.) , ^ 

* And becaufe tlie fide ab,^ is equal to the fide" iD \hf 
Cnnjii)^ the fide bs ^tnttion to e»c¥bf tbe triahgies ^kh^'^ 
E^0, ^rifthe angieir abd, ^j>% right, angles {hy Jfjj^ mi 
Conji,)^ the (ide ad will alfo be equal to t}ie fide £B (1, 4.-) 

Again, fince the fides ad, de are equal to the lides 
£B, ba, and the fide ae is common to each of the tri- 
angles EBA, EDA, the angle ade will alfo be equal to the 
angle abe (I. 7.), and is, therefore, a right angle* 

And, becaufe the line fiD is at Hght angles with each 
of the three lines da, db» be, thofe lines, together with 
the line ab, will be all In the fame plane (VIL 3. CorJ) 

Since, therefore, the lines ab, bd, dc are ajl in the* 
fame plane, and the angles abd, cdb are each of them a 
right angle, the line ab will be parallel to the lihe co 

a. ,^3.)t as was to be ftiewn. 

Cor. Any two parallel, right lines ab, cp, are in.tbe 
fame plane ; and any right lir\e da, which interfe£ls thbfe ' 
parallels, is in the fame plane with them. 



■»> 



^ 
t 
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. And, in like manner, it may be proVed that the line Cl> 
18 alfo perpendicular to the plane hgk. 

Bxtt. when two right lines are perpendicular to the 
fame plane, they are parallel to each other (VII. 4.) "; 
whence the line ab is parallel to the line Cd^ as was to 
beihewm 



PROP. VII. Theorem. 

If two right lines that meet each other, be 
parallel to two other right lines that meet 
each other, though riot in the fame plane 
v^ith them, the angles contained by thofe 
lines will be equal. 



T ' 




Let the two right lines ab, bc, which meet each other 
in the point b, be parallel to the two right lines de, ep 
which meet each other in the point E ; then will the angle 
ABC be equal to the angle def. 

For make B A, bc, ed, ef all equal to each other (I.3«j» 
and join ad, cf, be, ac and df» 

Then,*becaufe ba is equal and parallel to ed [by Hyp*)^ 
AD will be equal and parallel to be (1.^9.) 

And, for the fame reafon, CF will alfo be equal and pa- 
rallel to be. 

' But lines which are equal and parallel to the fame 
line,, though not in the fame plane with it, are equal and 

parallel 
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i»sa 



f ara)lelito each other (I. ^6. oxULVII. 6.) ; .whellcd;^o i$ 
equal and parallel to cf. : : ./ <: : \ 

And fitice lines which joia the correfpotidingiextiidinei 
ef two equal and parallel tineil ^e -alfa equal HftiA'pioraltel 
(1.29.), Ad willheequal^ft*JaraIlelto plr: ' » '^^•^' 

The three fides of the triangle abc are, (llieritbr^^ 
equal to the three fides of the tyiabgle de p^^edcht tbre^h ; 
whence the angle ABC is equal to the angleviiMqF'(Iv:7l)» 
as was to be fhewn. « . ( 



>*.'., t» 



1 . .■,<! 
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PROP. VIII. Pro^w^*. . . »; ; 



T •;* 



To draw a right line perpendicular to a 
given plane, from a given point m^he plane. 




Let A be the given point, and bc the given plane ; it it 
required to draw a right line from the point a that (hall 
be perpendicular to the pl^e Be.', 

Take any point E above the plane bc, ,an4 join ea; 
and through A draw af, in the plane bc, at right angles 
with EA (I- 11.) ; thenfif ea be alfo at right angles wi^i 
any other line which meets it in that plane ; the tj^iiig 
required is done* 

But if pot, in the plane bc, dr^w ag at rigfit angles 
to AF (I. II.) ; and in the plane eg, whiph p^es 

through the ppints B> A» c, make ah perpendicular to 

• • • / 

AG 
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AC (L 1 L}V'an4 it will aUb be perpendicular to the ^ane 
BC9 as was required. 

. For^ fince the right line fa is perpendicular; to each of 
the right lines ae, \(^ {hy Cmift.)^ it will jaJTo be perpeur 
dicular to the plane CO which palTes through thofe lines 
(VII.^-) 

And becaufe a right, line which is perpendicular to a 
,pland js.]MBrpendicular to every right line .which meets it 
in that plane {Def. 2.), fa will be peq>wdicular.to ah*; 

But AG is alfo perpendicular to ah {by Conjl.) ; whence 
AH, being perpendicular to each of the right lines fa, AP» 
it will alfofe-pe^peni^cular tothe plane bc (VII. 3.), as 
was to be fliewn, 

v. - ■ - - y 

t^ R O P. IX. Problem. 

To draw a right Kne perpendicuW to a 
given plane, from a given point above it; '\ 

A 

c 

C rf. . . . ■* » t 

^ Let A te the given point, and bg the given plane ; it 
is fequired to draw a right Kne from the point A that 
Ihail be perpendicular to the plane BC. 

Take any right line Bc, in tlie plane BG, and draw ad 
perpendicular to bc (L U.) ; then if it he alfo perpendi-* 
cular to the plane bg, the thing requii'ed is done. 

But if hot, draw d£, in the. plane BG, at fight angles 
U> BC (L II.}, ahdniake af perpendicular tb l>2^ (li 1?.) ; 

then 
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titCBWill'AF be perpendiculsT'to the plane BC, as wal 
required. 

for, through the point f, draw the UneHO par<d(el to. - 
tht line BC (I. «7.J 

Then finccthe right line bc is perpendicular to each of' 
the right lines da. de, it Will alfo be perpendiculu* ita 
the plane which pafles through thofe lines (VXI. 9.} ^ 

And becaure the linei bc," kg are pandiel: to-eKb 
ether, and one of diem, bc, it perp«ulicular to the plane 
AQF, the other, hg, will alfo be perpendicular to that 
plane (Vn. 6.) 

But if a line be perpendicular to a plane-it wiU be per- 
pendicular to all the linci which meet it in that' p4aiie 
(VII. Def. s.) ; wl\ence the line hg ii perpendtcuhu- ta 
AF. 

And lince the line af is perpendicular to each of the 
lines HC; ED, at their point of iiiterfe£lion f, it will alfo be 
perpendicular to the plane bG (VII. S.), as was to be 
Jhewh. 

PROP. X. Theorem. 

Planes to which the fame right Une is 
perpendicular, are parallel to each other. • 




Let the .right line AB be perpendicular to each of the 
planes CD, Zl ; then will thofc pla^e^.b^ parallel ioeach 
«her. -'■'". 

For 



fOf if -they ht mt* Ut thB». I*e prodDCi«4 till. tUv »«l 
each other) and in the line gh^ which is their n^omnton 
fiaSioit* ti|^c iny point k ; andjoitt ka/k^ i • ' 1 

Then« becaufe the line ab is perpendicular to the ptantf 
tLF'{ifHffn)^ it wiH alfo be perpehdictilar to the Kne bk^ 
iMbieh liea in that plaice (VII. Ikji 2.) t and tbe angle 
ABK i^iU.be a r^ht angles 

And« lor.the fame roafonv thaHne ab, which is perpen* 
duuidar tP the flbfl^ UC (iy Hyp*)^ will beperpendiculai to 
Ibfl! line AX ; and the angle b AH.wilLalfo be a right angle. 

The angles abk, bak are, therefore, equal to two 
ligllt angfei, whkib i< abiiird (1. £d.) ; and confequently 
Aftfi^aAci;; oan never meet,: but muft be parallel' to each 
olhir ( Vih Jfsf^ ^*)v M Yf^ to he &ewn* 



If two nglit lihei wliicli *meet each othert 
be parallel to two other righ^t lines which 
meet each oibaff thoHgh'iiot in the fame 
plane with them;^ the planers which nafs 
through thofe lines will be parallel. 



* i 




K F 



Let the right lines ab, bc, which meet each other in 
B, he parallel to the right lines d^, ef, which meet each 
^ther in 16, though not in the fameplane with them j then 
will the plane ABC be paralliel to the plane d £ f.' 

For 
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Tor through the point b draw bg perpendicular to the 
plane dfe (VII. 9.); aiid make gh parallel to D£, and 

GK to EF (I. «7.) 

Then becaufe BC is at right angles with the plane dfe, 
it-will aUb be at right an^ei with each 6f the lines gk« 
Gti which meet it in that plane {Def* 2.) 

And fince GU is parallel to D£ or ab {by Canji. and 
VII. 6.), and bg interfefls them, the angles bgh, gba 
are, together, equal to two right angles (1. 25.) 

But the angle bgh haA been (hewn to be a right angle ; 
whence the angle gba is alfo a right angle ; and confe* 
quently gb is perpendicular to ba. 

And, in the fame manner, it may be Ihewn, that gb is 
perpendicular to BC. 

The right line gb, therefore, being perpendicular to 
each of the right lines ba, bc, will alfo be perpendicular 
to the plane acb through which they pafs (VII. S.) 

But planes to which the fame right line is perpendicular 
are parallel to each other (VIL 10.) ; whence the plane 
AC 3 is parallel to the plane dfe. 

Q. E. D. 



PROP- 
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PROP. XII. Theorem. 

. If any two parallel planes be cut by ano- 
ther plane, tlieir common fedions will be 
parallel. 



• . ■ J ^ 



I . . ; 



I . ) 




Let the two paraHel planes ab, cd be cut by the plane 
£ghf ; then will their common fefUons £F, gh be pa* 
rallel to each other. 

For if EF, GH be not parallel, they may be pro- 
duced till they meet, either on the fide fh, or the 
fide £G« 

Let them be produced on the fide fh, and incet each 
other in the point k. 

Then, finde the whole line efk is in the plane AB, or 
the plane produced, the point k mttfl be in that plane. 

And becaufe the whole line ghk is in the plane CD» 
or the plane produced, the point K muff alfo be in that 
plane. 

Since, therefore, the point k is in each of the planes 
AB, CD, thofe planes, if produced, will meet in that 
point. 

But the two planes are parallel to each other, by hypo- 
fhefis ; whence they meet, and are parallel, at the fame 
time, which is abfurd. 

The 
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ThC'Iit^^ £f, oh, thprefore, doubt-meet on the fide 
FH ; and, in the fame manner) it may he proved, titat 
bhtydonot meeton the fide eg ; iwniequentiy th*f kre 
ptrallel to each other. ; ' '-' - ^^-E-.D; 
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. if a right linfe bfe pei'pendicular to a planej 
fevery plane which pafles through it will alfd 
be p^i'peQdicul^r tp that plane:. 



Let the right line ^iB he perpendicular to the plane cc; 
ttien will every plane which pafles through that line bi 
ilio perpendicular to Ck: 

For let ED be any plane whicji pafTcs by the line ab ; 
and in thii platie draw any right line G F perpendicular to 
the-Gomibon feflion CE (I. 11.) . '■- 

' Then, becaufe the line ab ii perpendicular to the plane 
CK. [iy Hy^.), it will alfo be perpendicular to the line ce ; 
(uidtheangle ABF will be a right angle (VII. D^^ a.) 
' And.fince the angles ab*, cfB are each of them a 
right angle, and the lines ABi OF are iri the fameplanei 
ihey-will be parallel to each Other fVII. 4.) 

Since, therefore, thefe lines are parallel to each other, 

and one of them, ab, is peipendicuUr to the plane cfC, 

P S the 
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the other, &f, will alfo be perpendicular to that plane 

{VII. ,5.) ' - 

' But one plane is perpendi^ularto another, when any- 
right line that can be drawn in it, at right angles to the 
common feflion, is alfo at right angles to the other plane 
{VII. Bef, 3, J ; whence the plane bd is perpendicular to 
the plane CK, as was to be fliewn. 



i • 



PROP. XIV. Theorem. 

^ • . ' • • • ' 

If two planes which cut each other, be 
each of them perpendicular to a third plane, 
their common feQ:ion will alfo be perpendi- 
cular to that plane. 




Let the two planes abj CB be each of them perpendt^-: 
cular to the plane acd ; then will their common fe&ton 
BD be alfo perpendicular to acd« ' 

For if not, let d£ be drawn in the plane ab, at right 
angles to the common feflion ad; and or in the plane 
CB at righ^ angles to the common fe£lion DG:(I» 11.) 

Then becaufe the plane ab is perpendicular to .the 
plane acd {by Hyp>)y the line de will alfo be perpendi* 
cular to that plane (VII. 3.) 

And 
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And finoe the plane cb is perpendicular to the plane 
ACD (iy Hyp.), the line df will alfo be perpendicular to 
that plane (VILS.) ,- 

But lines which are perpendicular to the fame plane 
are parallel to each other (VIL 4.) ; whence the lines 
x>E, DF meet, and are parallel at^the fame time, which 
is abfurd. 

Thefe lines, therefore, are not. perpendicular to the 
plane ACD ; s^d the fame may be fliewn of any other lia^ 
but DB ; whence db is perpendicular to acd, as was to 
be fliewn. 



PS 
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"' I. A folid angfc is Aat which is roa<!e by thred or 
ijiorc plane angles, which meet each other iii the fame 
iioint. 

2. Similar folids, contained by plane figures, aire fuc& 
as have all their folid angles equal, each to eachy and are 
bounded by th^ fame number of fimilar planes. 

5. A prifm is a folid whofe ends are parallel, equal, 
and like plz^ne figures, and its fides parallek)grami(« 

4. A parallelepiped is a prifm contained by fix p2^« 
rallelograms, every oppofite two of which are equal, alike^ 
and parallel, 

B . A r^£langular parallelepiped iSi that whofe bound- 
ing jrfanes are ail re£langles, which are perpendicular to, 
each other. 

6* A cube is a prifm, contained by fix equal fquare 
^des, or faces. 

7. A pyramid is a folid whofe bafe is any right lined 
plane figure, and its fide triangles, which meet each 
other in a point above the bafe, called the vertex. 

8. A cylinder is a folid generated by the revolution o£ 
a right line about the circumferences of two equal and 
parallel circles, which remain fixed- 

9. The axis of a cylinder is the right line joining the 
centres of the two parallel circles, about which the figure 
is defcribed. 

4 > 10. A 
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10. A cone isa A>Ud.gener^ed Iby the revolutid)! gi a 
right line about the cirjcumferaice of a circle, one end of 
which is fixed at a point above the plane of that circle^ r 

; 11. The axis of a cqrie is the right line joining the 
vertex, or fixed point, and the centre of the circle about 
which the figure is defcribed. ' 

. 12. Similar cones and cylinders are fuch as have their 
altitudes and the diameters of their bafes proportional. 

IS. A fphere is a folid generated by the revolutioik of a 
femir circle aboat its diameter, which remains fixed. ' 

14. The axi& oi a fphere is the right line about which 
the femi-circle revolves.; and the centre is the (ame as 
that of the femi^circle. 

15. The dianieter of a fphere is any right line pafling 
through the centre, and terminated both ways by the 
furface. 

PR OP. I. Lemma. 

If from the greater of two magnitudes, 
there be taken more than its half; and from 
the remainder, more than its half; and fo 
on: there will at length remain a ma.gni- 
tude Ifefs than the leaft of the propofed nlag- 
nitudes. 

A! ^ ^ - I B 



Ci- 



j), ^^ ■ 4 IE 

Let AB and c be any two magnitudes, of which AB is 

the greater ; then, if from ab there be taken more than 

Pa it* 
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its half; and from the remamdier mote than its half; and 
fo on: there will at length remain a magnitude lefs 
than c. 

For iince ab and c are each finite magnitudes, it it 
evident that c ma)r be taken fuch a number oftimes as at 
length to become greater than AB, 

Lcty therefore, d£ be fuch a multiple of c as is greater 
than AB» and divide it into the parts DF, FG, G£, each 
equal to c. 

Alfo from ab take bh greater than its half ; and from 
the remainder ah, take hk greater than its half, and fo 
on, till there l)e as many divifions in ab as there ar^ 
in DE. 

. Then becaufe de is greater than ab ; and bh, taken 
from AB, is greater than its half, but eg, taken from de, 
is not greater than its half; the remainder gd will be 
greater than the remainder ha. 

And, again, becauie gd is gieatet than ha, and hk, 
taken from ha, is greater than its half, but gf, takcit 
from gd, is not greater than its half; the remainder FD 
will be greater than the remainder ak. 

But FD is equal to c by conftrufclion, whence c it 
greater than ak ; or, which is the fame thing, ak is lef* 
than c, as was to be fhewn, . 
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PROP, II. Theorems. 

Similar polygons infcribed in circles, are 
to each other as the fquares of the diameters 
of thofe circles. 





Let ABODE, FGHKL be two fimilar polygons, infcrlbcd 
in the circles abd, fgk : then will the polygon abcde 
be to the polygon FGHKL as the fquare of the diameter 
BM is to the fquare of the diameter GN, 

For join the points B, E and A, M, G, L and F, N : 

Tben» becaufe the polygon abode is fimilar to the 
polygon FGHKL {iy Hyp.)y thei angle bae is equal to the 
angle gfl, andjBAisto ae, as gf it to fl. (VI. Def. 1.) 

And, fince the angle bae, of the triangle abe, is equal 
to the angle gfl, of the triangle fgl, and the (ides about 
thofe angles are proportional, ^he angle aeb will alu> be 
equal to the angle flg (VI, 5.) 

But the angle aeb is equal to th^ 3ngle amb, and the 
angle flg to the angle fng (III. 15^), confequentjy. the 
angle amb- isalfo equal to the.angle fng. 

And fince thefe angles are equal to each other, and the 
angles bam, GFN are ^ch of them right angles (III. 16.), 
the angle MBA will alfo be equal to the angle ngf (1.^8. 
(or.)^ and BM will be to gn as ba is to CF (VI. 5.) 

But 
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But the polygon abcde is to the polygon fghkl as 
the fquare of ba is to the fquare of GF (VI. 17.), there- 
fore the polygon abcde is alfo to the polygon fghkl as 
the fquare of BM Is to tlie fquare of GN. 



. . IL 



I. 

i. 
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PROP. III. Theorem. 

* A polygon may be infcribed in a circle 
that fhair differ from it by lefs than any 
affigned magnitude whatever. 




Let ABC D be a cirtle, and s*any given magnitude 
whatever ; then may a polygon b^ infcribed in the circle 
ABCD that (ball difier from it by iefs than the magni. 
tude 5. 

" «For, let AC, EC.be two fquares, the. one defcrabed in 
the circle abcd, and th« other about it (IV. 6, 7.) ; and 
bifeQ the arcs ab, bc, cf), da, in the poiiits mf if, r 
aiid J (III. 185,) ; and join am, i»b, b/i, nc^ cr, rD^ 
jyf and xa : 

Then fince the fquare Acii half the fquare eg (i. 32.)^ 
and the fquare eg is greater th^n the cirde abcd, the 
Iquare AC will be greater than half the circle abcd. 

In like manner, if tangents be drawn to the circle 

throu^ the points ptx n^ r, s^ and parallelograms be de^ 

fcribed 



BOOK THB BIOHTH. 319 

fcrifaeil upon the right lines ab, bc, cd, da, the triangle! 
AmB, BJiC, cm, DJA will each of them be half the paral. 
}elogram in which it flands (I. SS.) 

But Kvery fegtnent k \eti than the parallelogram which 
pircumfcrihes it ; and therefore each of the triangles AmB*, 
B»c, CrD, D>A is greater than I^ilf thp fegment-of thb 
pircle which contains it. 

And, if each of the arcs a>b,' ns, &c. be again' divide^ 
into two equal parts, and right lines be drawn to the 
points of bife£lion, the trt<ingW thus formed, n^ay tn like 
manner, be (htwn to he greater than half the fegments 
which contain them ; and To on continually. 

Since, ■ thtreforr, the circle abcd is greater than the 
fpace s, and from the former there has been taken moI« 
(ban its half,' and from the remainder more' than its half, 
&c. there will at length remain fegments which, taken 
together, fliall belefs than the excefs of the circle abch 
abovathe tpjce 8 (VIII. l.),.as-waitobe(hewn. ' 

, . P R-O P. IV. . Theorem. 
A {polygon itiay be circamfcribed about a 
f^rcle that; ftiaU difier froip it by lefs.lhaii 
^y alligqed magnitude whatever. 






'n2 



Let ABCD be the circle, and s any given magnitude 
whatever; then may a polygon be circumfcribed about 

the 
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the circle abcd, that fhall- differ from it by lefs than the 
magnitude s. ^ 

For let the circle abcd be circumfcribed by the fquare 
EFGH (IV. 7.), and bifeft the arcs ab, bc, cd, da 
with the lines OE, of, og and oh ; and to the. points of 
bire£tion draw the tangents.i^y mn^pr^ st (III. 10.) 

Then fince kli% a tangent to the circle, and oe is drawn 
from the centre through the point of conta£l, the angle 
zxh is a right angle (III. 1^.), and £i will be greater than 
he (L 17.) or its equal kA. 

Biit triangles of the fame altitude are to each other as 
their bafes (VL 1.); whence the bafe e* being greater 
than the bafe iA, the triangle "Lxk will alfo be greater 
than the triangle kxK. 

Apd becaufe the triangle 'Exk is greater than the trianv 
angle kx^t it will alfo be greater than half the curvelineal 
fpace £;^A : and the fame may be fliewn of any other tri- 
angle and the curvelineal fpace to which it belongs. 

Jn like manner, if the arcs aat, jtb, &c. be again bi- 
fefled, and tangents be drawn to the points of bife3ion, 
the triangles thus formed will be greater than half the 
curvelineal fpaces to which they belong. 

Since, therefore, the excefs of the fquare above the 
circle is greater than the magnitude $, and from the 
former there has been taken more than its half ^ and inum 
the remainder more than its half, and fo on, there will at 
length remain fpaces, which, takeQ together, (hall be lefs 
than the magnitude s (VIII. 1.), as was to be lhewn« 
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PROP. V, Theorems. 

Circles are to each other as the fquares of 
their diameters. 




x^ 




Let ABCDj EEOH be two Circles^ acnd bd, fh their 
diameters : then will the fquare of bd te to^ the fquare of 
FH as the circle abcd is to the circle efgh. 

For, if they have not this ratipi the fquare of bd wil^ 
bq to the fquare, of FH, as the circle abCD is to fome 
fpace either lefs or greater than the circle efgh. 
.'^Firft, let k be to a fpace ST lefs than the circle EFaa ; 
andinfcrihethetwo fimilar polygons aropq, eklmn fo 
that the circle £f gh may exceed the latter by lefs than it 
exceeds the fpace ST (VIII. S.) 

Then, fmce the circle efgh exceeds the polygon 
BKLMN by kfs than it exceeds the fpace ST, the polygoki 
EKLMN will be greater than the fpace ST. 
. And, becaufe fimilar polygons, infcribed in circles, are 
to each other as the fquares of their diameters (VIII. ^.), 
the fquare of B D will be to the fquare of F h as the polygOE 
AROPGi is to the polygon EKLMN. 

But the fquare of bd is alfo to the fquare of fh as the 
circle abcd is to the fpace ST [hyConJi.]; whence the 
circle abcd will be to the fpace sT, as the polygon 
ARopQ is to the polygon ejclmn. 

5 Tht 
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The circle abcd, therefore, being greater than thi 
polygon AROPQ, which is coiitained in it, the fpace ST 
will alfo be greater than the polygon eklmn. 

It is,j therefore*,, lefs and greater at the fame time, which 
is impoflible ; confecjuently the fquar^ of bd7s not to the 
fquare of FH as the circle abcd is to' any fpace lefs than 
the circle efgh. 

And, in the fame manner, it may be demonflratedf 
that the fquare of fh is not the fquare of bo ai the 
circle efgh is. to any fpace lefs than the circle abcd. 

Nor, is the fquare of bD to the fquate of fh as the 
circle abcd is to a fpace greater than the circle efgh. 

For, if it be poffible, let it be fo to th« fpace sx* which 
is greater than the circle efgh* 

Then, fince the fquare of BD is to the fquare of FH at 
the circle abcd is to the fpace sx, therefore, alfo, in- 
verfely, the fquare of fh is to the fquare of bd as thi^ 
fpace sx is to the circle abcd (V. 7») ^ 

But the fpace sx is greater than the circle efoh {hj 
Hyp') ; whence the fpace sx is to the circle abcd as the! 
circle efgh is to fome fpace lefs than the circle abcd 
(V. 14.) 

I The fquare of FH is, therefore^ to the fquare of bd as 
the circle efgh is to a fpace lefs than the circle abcd 
(V. 11.), which has been fhewn to be iiiipolEble;. 

Since, therefore, the fquare of bd is not to the fquartf 
of FH as the circle abcd is to any fpacC cither lefs or 
greater than the circle efgh, the fquare of bd muft he 
to the fquare of fh as the circW abcd is to the circle 
efgh. Q. E.D^ 

' Cor. 1. Circles are to each other as the fquares of 
their radii ; thefe being half the diameters. 

CoR« 
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Coit.^» If the radii or diameters df three circles be re<< 
fpe£lively equal to tte thre^ fides of a right'attgted friah*' 
gle, that'whofe^radius or 'diameter is tke hy^^Henkife will 

be'equalto the mhet W&iakth tO^el^ (It 14;) '< ; ' 
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EVe^y 'birclfeis e^iii^ fo the/reOaiigle 6f 
its r^ijst^iind. a righ,t .,ljj^e f(qyi»i4 tq hqlf '/its 
pircumfereoce. - 
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Lk Jl mps be a circfe; and ov a' reftarigle c6ntained 
linder thfe radius oi and a ri^ line ow equal tb lialf the 
tktamkrefnce ; then will thte circle kmpsbt equal io 
the reftangle ov. 

For iff it be not, it muft be •either greater or krs.- 
Let it be greater ; and let the reftangle 02 be equal to 
the cirtle* fnp s ; and itifcribfe a polygon In r t in'the circle 
imps thatfiiall differ from it by tefs than tlie raagnitucjie 

W2:(VIILs:) ; ^ 

ITien fihde &e triangle ho)t is equal to felf a reftangle 
under the'bafe k t and the perpendicular OUr (1. 5^.), the 
whole polygon will be equal to half a re£langle under its 
perimeter and the perpendicular oat. 

And becaufe o w is greater than half the perimeter of 
any polygon that can be infcribed in the circle k mp s 
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{iy Hyp%)^ and ok is greater than ox (I.. 17.), the reft* 
angle ov will alfo be greater than the polygon/ nrt. 

But the polygon differs from the circle, or from the 
re£langle p:^,.by lefs t))An the magnitude yfz{iji Can/l.)^ 
and ov differs from o% by wz ; confequently the polygon 
is greater than the refhmgle o v. 

It is, therefore* both greater and lefs at the fame time, 
'V^hiqh is 9bfqrd ; whence d>e circle Imp ^'^ not greater 
than the redan^le ov. . * 

' Again, let it be lefs than ov, by the refiangle wy; 
and let BDFH be a polygon circumfcribed abcMitthe circle, 
that ihall differ fr6m it by lefs than the magnitude wy 
(VIIL4.) 

-Then fince the triangle so A is equal to half a re£langle 
under thebafe ba and the perpendicular ok (I. 3?.), the 
whole polygon will be equal to half a reflangle under its 
perimeter and perpendicular ok. 

' And becaufe 6w is lefs than half the perimetef of viy 
polygon that can be circumfcribed about the circle (fy 
Hyp.)^ and o;^ is common, the re£langle ov will alfo be 
|efs than the polygon bdfh. 

But the polygon differs from the circle, or from oy, by 
lefs than the magnitude Wy (by Hyp.)^ and ov differs 
from oy by wy ; confequently the redangle o v will be 
greater than the polygon bdfh, which is abfurd* , 

Since, therefore, the re£langle ov is neither, greater 
npr lefs than the chrcle kmps^ it muft be equal to it, at 
was to be ihewn. 
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PROP. VII. Theorem- 

The circumferences of circles are in pro- 
portion to each other as their diameters. 




Let aBCD, EFGH be any two circlei^, whofe diameten 
are bd, FH ; then will the circumference abco be to the 
circumference eegh as the diameter bd is Co the diame« 
ter FH- 

For let OM, sp be two right lines equal to the femi- 
circumferences dab, hef, and on the radii oa, se make 
the fquares OK SL (IL 1.}, and complete the re£langles 
oVi sr: 

Then fince the re£langles on, sr are equal to the cir- 
cles ABCD, EFGH (VIIL 6<J, and the circles are to each 
other as the fquares of their radii (VIIL 5. Cor,) the 
re6^angle ON will alfo be to the fquare OK as the re£lan-. 
glc SR is to the fquare sl (V. 9.) 

But ON is to OK as OM to OD (VL I.), and sr to 
SL as SP to SH (VL U) ; therefore, by equality, OM will 
be to OD as s? is to sh (V. ri.) 

And becaufe any equimulipks pF four proportional 
quantities, are alfo proportional (V. IS*), twice OM will 
be to twice oD as twice s? is to twice sn ; or, by alter- 
nation, twice OM is to twice sp as twice ud is to twice 
SK. 

Q But 
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But twice OM and twice sp are equal to the circumfe- 
rences ABCD, £FGH {byConJi.)\ and twicc OD and twicc 
5H are equal to the diameters bd, fh ; whence the cir- 
cumference ABCD is,^to the circunxfereiice KKGH as the 
^ameter BD is to the diameter fh« Q. £• D. 



PROP. VIII. Theorem. 

If a prifm be cut by a plane parallel to its 
bafe, the fe6lion will be equal and like the 
bafe. 




Let AG be a prifm, and klmn a plane parallel to the 
fcafe ABCD ; then will klmn be equal and like ABCD. 

For join the points nl, and d^ : 

Then fmce km, ac arc parallel planes (by Hyp,), and 
the plane an cuts them, the fetlion kn will be parallel to 
the feaion ad (VII. U.) 

And fmce ak is alfo parallel to dn (VIII. Def, 3,),' the 
figure an is a parallelogram; and confequently KN il 
equal to ad (I. 30.) 

In like manner it may alfo be fliewn, that KL is equal 
to ab, lm to BC, and MN to CD# 

And fince kn, kl in the plane km, are parallel to 
AD, AB in the plane AC, the angle-NKL will be equal to 
the angle dab (VII. 7.) 

S The 
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The iWd fideg ^n, kl of the triangle kln, bring, 
therefore, equal to the two fides ad, ab of the triangle 
ABD, and the angle nkl to the angle dab, the triangle 
KLM will be equal and like the triangle abd (I. 4.) 

And in the fame manner it may be fhewn^ that the 
triangle lmn is equal and like to the triangle BCD. 

But the triatigles KLN« lmn are, together, equal 'to 
the fedtion rlmn ; and the triangles abd, bcd to the 
fediion ABCD ; whence the fe6);ion klmK is equal and 
Kle to the fe£lion abcd. 

Q. E* D* 



t R O P^ IX. Theorem. 

Prifms of equal bafes and altitudes are 
equal to each other* , 



I 



n 



P 




• Let am, Es be any two prifms, ftanding upon the 
equal bafes abcd, efgh, and having equal altitudes; 
then will am be equal to es. 

For parallel to the bafes, and at equal diftances from 
them, draw the planes mp and mu. 

Then, by thelaft propofition, the feftion mnps will be 
equal to the bafe abcd, and the fcdion vowr to the 

bafc ETGH. 

Q« Bu 
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-ButthebalcABtD.iBequaltoihebaCe^rCKby]i]rpo- 
.tbefis; -whence the ieStion. ampi: i»,\tiio^ tqwi to the 
fe£)ioii vrnvr. 

And in the famB'manner it.inay be Jheyrn, that any 
other fcSions, at equal diJIances from the barei,<areequal 
to each other;- ■.:'■.. 

Since therefore every feflion in'the pofm. AU ii:equal 
to its correfpondifig fe3ion in the priini ES, the-priflnt 
thcmrelves, whtehare cmnpored of thofe fcQions, roull 
alfo be equal. , . Q. £.rIX 

■ Cor. Every prifm is equal to a refiangidar parilWcr 
pipedcxi of an equal bafe and altitude. . 



PROP. X. Theorem. 

Reflangular parallelepipedons, of equal 
altitudes, are to each other as their bafes. 




Let AC, MP be two reflangular parallelepipedons, hav- 
ing the equal altitudes ed, qr; then will ac be to mp 
as the bafe se is to the bafe nq. 

For in AB, produced, take any number oF right lines 
AF, FL each equal to AB ; arid in MM, produced, take 
anv number of right lines Nt, Tx each equal to Mn, 

Complete the parallelograms fe, fk, mv, tz, an3 
make the upright folids ac, FH, nw, ty of equal alti. 
tuJcsVith AC or MP. 

Then, 
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Then, becaufe af, fl are each equal to ab, and nt« 
Tx are -each' d(^al toMN {iy Conft.)^ the parallelogramg ^ . 
fX fk win he each equal to B£» andthe parallelograini 

NV, TZ to NQ (II. 5.) 

And, fincethe folids AG, fh have equal bafeg and ah 
tifudes With the folid AC, they will be each equal to AC 
(VIII. 9.) ; and, forthe fame reafon, the folids KW, tY, 
will be' each equal to nr. 

"" Whatever mukiple, therefore^ the^ bafc bk is of the 
bafe B£^, the fame multiple will the folid bh be <)f the 
fdtd AC ; and, for the fame reafon, whatever mvdtiple 
the bafe mz is of the bafe nq, the fancie fnultiple wilHhe 

folid MY be 6'f the folid NR. 

If, therefore, the bafe bk be equal to the bafe Mz, the 
folid BH will be equal to the folid MV ; and if greater, 
greater; and if lefs, lefs; whence the bafe B£ is to'the 
bafe NQ, as the folid AC i^ to the folid NR (V. Bif. S.) 

Q. E. D, 

Cor. From this demonftratlon, and the Cor. to the 
laft Prop, it appears that all prifms pf equar'altitudes, are 
to each other; as their bafes ; every prifm being equal to 
a* re£langular parall^Iepipedon of an equal bafe and alti- 
tude. 



Q 9 PROP. 
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PROP. XI, ' Theorem. 



Re6lapgular parallelepipedons of equal 
bafes are to each other ^s their altitudes^ 






%l k 



&. 

Cw 



w rr 



^ 



Let AK, EP be two reftangular parajlelepipedons ftand. 
ing on the equal bafes AC, eg ; then will ak be to ep as 
the altitude AM is to the altitude £s. 

For let AW be a rpftangular paraUelepipedon on the 
b^e AC, whofe altitude av is equal to the altitude es of 
the parallel epipedop ep : 

Then, fince the bafp /i^c is equal to the bafe to (fy 
Hyp.), and the. altitude av is equal to the altitude ES (iy 
Conji,), the folid AW will be equal to the folid e<> (VIII.'9.J 

And if AL, AY be coiifiderfed as bafes, the folid AI^' 
will be to the folid aw as the bafe al is to the bafe AY 
(VIIL lOO 

But the bafe a l is to the bafe ay as the fide am is to 
the fide av (VI. l.}^ whence by equality the folid akl 
will be to the folid AW as the altitude am is to the alti- 
tude AV (V. II.)* 

Since, therefore, the folid aw is equal to the folid EP, 
and the altitude av to the altitude es, the folid ak will 
alfo be to the folid ep as am is to es (V. 9.) 

Q. E. D. 
Cur, 
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C (JR. From the rcafon given in the Cor. to the laft 
Prop, it 'follows, that all prifms of equal bafe^* are to 
each other as their altitudes. ' 



PROP. Xy. Theor^nu 

The bafes and altitudes of equal reflangu- 
lar parallelepipedons are reciprocally propor- 
tional ; and if the bafes and altitudes be re- 
ciprocally proportional, the parallelepipedons 
will be equal. 





Let the reflangulap parallelepipedon AR be equal to 
the refiangular parallelepipedon ey ; then will the bafe 
AC be to the bafe £Q, as the altitude £0 is to the alti^ 
tude AW. 

For let AL be 2i reftangular parallelepipedon on the baf<5 
AC, whofe altitude AP is equal to eo, the altitude of the 
parallelepipedon ey. 

Then fince the altitudes ap, eo are equal to each 
other [by Cmfi.\ the folid al will be to the folid EV a$ 
the bafe AG is to the bafe eg (VIII. 10.) 

And becaufe the folid ar is equal to the folid EY 
{hy Hyp,), the folid AL will be to the folid AR as AC is 
to EG (V. 9.) 

Q 4 Bttt 



2S2 



ELEWESTT* Of OEOMBTRY. 



^ But the fblid al it to the ioli<L 'AR'ia8:^Ar li to aw 
(VIII. Hi);, whence, alfo, AC it to XCdi A? b^oAW 
(V. 11.}, or AC to EG as £Ota aw. -. *: w-^ - -^ 

Again, let AC be to eg as eo is to aw ; then will JlM 
be equal to ey. 

For, fince al h to ey a» AC to eg (VIIL MX}, antl 
AC to ^G as EC to AW. {iy HyjK,), ^l will b«»to ^x » 
EO to AW (V. 1 1.) r ' I V .'. .P. .r 

But ftp > or AP, i»tQ AW as A's ii 40- AR f VIII. 11.) ; 

thereSoi'e At wijl.b^ to m as AJUisto AlL.(iV;t.Ui) . . 

, And fince th^.antecQdfe«itS:are eqtial, the: aonfe^wsats 

will alfo be equal ^ whence the folid<AiL is .equal tathe 

folid EY, as waS'Xo be ihcwn. .:;. -- :■ :f x:: .. r>>:, 

CoR^ The feq^j proportion wilfcboid'oCprMmsin-gcnc- 
nl ; thefe being equal to rectangular par^lldepipedonsjof 
equal bafe^ and altitudes. . • - ' 



no • 









PROP. XIII. Theorem. 



. /. . . V '■ - - *. 



Similar rf ^angular paraJlelepi|^e(j^ axe 
to each other as the cubes of their liHe^dcs* 



. '. »i^ V • . < 





.•< *. 
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Let AF, RF be two fimilar re£langular parallelepipe- 
dons, whofe like fides are ab, kl; then will af be t« 
K? as the cube of ab is to the cube of kl. 

For let AT, KW be two cubes /landing on AX, Kz, 
the fi^uares of the fides ab, kl. 
* . Then. 



t 
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.r.5Tictt.lk«eparaIldi«pipedont on the fain^ bafe sure to 
each. other .^tbek altitudes (VIU.- ll.)« af will be to 
An as AH to AVy or AB ; and kp to kx as k.r to ky, or 



'f : 



But the planes ab£H» KLor being {imilar(VIIL Def. 
H.), AH will be to AB as kk it to- fn.- (VL Def . 1.); 
trbence af is to An as k? to Ks(V. 11.}; or af to K? 
as AH to JU(V. 15.) 

Agaun, fince parallelepipedons of the fame altitude are 

to each other as their bafes (VIII. 10.), at will be to a« 

tas AX to AC ; and Kw to ki as kz to km. 

i: AndbecaufcA^c, or the fquare of ab, is to AG, as 

KZ, or the fquare of kl, is to km (VI. 17.) ;' at will 

be to A« as K\v is to Jki (V. lU); or at to kw as ah 

Ito Ks (V. 15.) 

But AF has been (hewn to be to kp as An is to k:/| 
therefore, a}fo» af is to kp as at to kw (V. 1 L) 

> . Q.E.D. 

Cor. 1. Similar re£bngtilar parallelepipedons are ta 

'^h'bth^r as the cuSes of theii^ altitudl^s ; thefe being 

confidered as like lidcs of the foUds« . • - .^ ,. - -.• 

Cpr* ^f £very prifm being equal to a parallelepipedon 

of an equal bafe and altitude (VIII* -Qu. Ccr.)^ all fimilar 

phfms will be to each Qther as th6 cubes of their altitudes, 

orlikeGdss. "]]• 
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P R O P» XIV. Theorem. 

4 « 

|t a pyramid Ibe cu^ by ^ pl^os pwajlel ta 
its bafe» tb^ fe6lion wiU be to the bafe as 
the fquares of theiy diftapces from the' 
vertex./ 



< . ^t 



' • • ■' 



. 1 




- -1 w 



•' ..-1 



Let £DA»c be a pyiinnidj a!id^m#'a'ft£tion parejll^l ta 
the bafe AC ; then will mo be to AC as the fquares of their 
iiftanceg from, the vertex. ' ' • - ' -■ • •- - 

: For draw eS perpendicular to the plahe of the bafe AC 
(VIL 9.) ; and join D sand /r. 

' Then, fince mp^ tnn are.parallel to ad, ab(VII. 12.), 
the smgle fnm will be equal to the angle dab (VII. 7.) ; 
and fm will be to da a» irtn to £A, or as 77772 to ab 
(VI. 3.) 

For a like reafon each of the angles in the feftion ms 
are equal to their correfponding angles in the bafe AC, 
and the fides about them are proportional y whence m9 is 
fimilar to AC (VI. Def. 1.) . 

And becaufe/w is parallel to DA, and/^r to ds (VII, 
12.), pm will be to da as zp to ed, or as i,r to es 
(VI. 3.) 

* * The 
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Thelineg/w, da, Vapd es being, therefore, pro- 
portional, the fquare of pm will be to the fquare of DA, 
9S the fquare of Eris tathefquare of e$ (VI. 1^. C^r.) 

But the fquare of pm is to the fquare of d A s^ ^n^ is to . 
AC (VJ, 17.) ; whence the fquare of £r )s to the fquaic 
of JES as»wi^ to'AC (V. 11,) 

XoRf li a pycamidW cut by a plane par^Jlql to its 
bafe. the fe3ion will be fimilar to the bafe. 



PROP. XV, Theorem. 

Pyramids of equal bafes and altitudes are 
equal to each other. 





Let EDABC, LKFGH be any two pyran^ids, of which 
the bafe ac is equal to the bafe fh, and the altitude 
ES to the altitude LP; then will edabc be equal to 

J^KEGH. 

For make Er equal to lo; and draw the feftions »wf, 
%m;, parallel to the bafes AC, fh. 

Tfaent by the laft propofttion, the fquare of . Er is to 
the fquare of ej as,m« is to AC ; and the fquare of l^ t^. 
the fquare of LP as vw is to fh. 

And fince the fqu^e of zr is equal to the fquare of L# 
[Conjl. andlh ^.)\ and the fquare of E§ to the fquare 

of 
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of IP {Hjp. and U.S.) mn will be to AC as vw is to fh 
(V.9.) 

But AC is equal to FH, bybTpothefiE; vthtatt tm it, 
aJfe, equal to vw (V. 10.) 

And, in the fame manner, it may be (hewn, that any 
other fc£lions, at equal diflancec from the vertices, arc 
equal to each other. 

Since, therefore, every feftion in tbe^yranrid EbAKC-. 
ia equal to its correfpanding feClioh itt thepyfamid LK t OH, 
the pynmids themfelves, which arc compofed of tbofc 
fe£iions, muft alfo be equal. ' ■ ■ -. 

PROP. XVI. TH£0II£M. ... 

Every pyramld'of a triangular bafe, is tfie' 
third part of a prifm of the feme bafe^.a^d 
altitude. . . .,_j 



Let DABcbe a pyramid, and fdabe a prifm, fianding 
upun the fame bafe abc, and having the fame attitude ; 
then will DABC be a third of fdabe. 

For in the planes of the three fidei of the priGn, draw 
the diagonal! DB, DC and ce : 

Then 
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Thenl)ecaure de divides the parallelogram A£ into two 
equal parts, the pyramid whofe bafe is abd, and vertex 
c, is equal to th& pyramid whofe bafe is.BED and vertex 
c (VIII. 15.) 

And fince the oppofite ends of the prifm are equal to 
each other ^yilL De/. S»), the pjTamid..whofe bafe is . 
ABC and vertex D, is equal to the pyramid whofe b^fe is . 
i>EF*and vertex c (VIII. 1^.) 

But the pyramid whofe bafe is abc and vertex o» U 
equal to the pyramid whpfehafe is abd and vertex c» bc« 
ing both contained by the fame planes. 

The three ^pyramids dabc, cbed and cefd are, 
therefore, all equal to each other ; and confequently the 
prifm FDABE, which is compofed of them, is triple the 
pyramid dabc, as was to be Ihewn. 

CoK. Every pyrimii is the third part of a prifm of the 
iiune bafe and altitude ; fince the bafe of the prifm, what* 
ever be its figure, may be divided into triangles, anithe 
whole folid into triangular prifms, and pyramids. 

Scholium. Whatever has been demonflrated of tbi" 
proportionality of prifms, holds equally true of pyramids; - 
the former being always triple the latter. 



<■ ■*- 
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PRO?. XVn. Theorbm. 

If a cylindef We cut by a pldfie parallel t3 
Its bafe, the fedlon will be a circle, equal 
to the bftfd. 



let AF tc a cylinder, and GHK a fefliori parallel W itf 
Ure ABC ; then will ghk be a circle, equal to abc. 

For lei the planes n t, K f pafi through the axis of tlw 
.cylinder tN, and meet the feflion GHK in M, H and K. 

Then, fince the circle D E F is equal arid parallel to the 
circle aSc (VIII. tief. 8,), the radii LP, le will b^ 
equal and parallel to the radii NC, NB (Ilti 5. ani 
VII. 12.) 

And becaufe lines which join the correfponding er- 
treraes of equal and parallel lines are themfelves parallel 
(I. 29.), Fc, £s -will be parJlel to ln ; or kc, hb to 



In like manner, lince the circle ghk is parallel (o the 
circle ABC {by Hyp.), mr, mii will be parallel to nc, 
HB. 

And. becaufe the oppolite fides of parallelograms are 
equal (I, w.], UK will be equal to NC, and mh to nb. 

But 
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* Btit NC, N« are equd to luich othet*, b^ifig iradii of 
the fame circle } whence MR^ mh ate alfa^qual Ui et^h 
other. ^ >• 

And the fame may be (hewn of any other lineis^ drawn 
from the point m, to the circumference of the fefiiim 
GHK ; confequenlly ghk is a circle,^ and equal to abc)^ 
at was to be (hewn. 



PROP. XVIIL Theorem. 



Every cylinder is equal to a prifm of an 
equal bafe and altitude^ 



« • 





Let AH be a cylinder, and dm a prifm, ftanding upon 
equal bafes acb, def, and having equal ahitudes; then 
will AH be equal to dm. 

For parallel to the bafes, and at eqilal diftances from 
them, draw the planes onm, and vrw» 

Then by the laft Prop, and Prop. 8, the feftion onm 
is equal to the bafe acb, and the feflion vna to the bafe 



DEF. 



But the bafe acb is equal to the bafe def, by hypo- 
thefis ; whence the feflion cnm is alfo equal to the fec- 
tion vru\ 

And,' 
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« 

And* in: the fame manner, it may-befhewo, that'^y 
ether fedions » at equal diftances fr6m the bafe# are equal 
to each other. ^ 

\ Since»rtHefefbre, every fcQion of the cylinder is equal . 
lo its correfpondent feflionin theprifttfi, the folids themv ' 
felves, which are compofed of thofe fe3;ions» muft alio 
be equal. ^ . 

Q. E. D/^ 

Scholium. Whatever lias been demonflrated of the 
proportionality of prifms, holds equally true of cylinders f 
the former being equal to the latter*"^ i^ 



PROP. XIX. Theorem. 

If a cone be cut by a plane parallel to its 
bafe, the fe6tion will be to the Safe bs the 
fquares of their diftances from the vertex. 




Let DABC be a cone, and nmp a feftion parallel to the 
bafe ABC ; then will nmp be to abc as the fquaresof their 
dillances from the vertex. 

For draw the perpendicular Dr; and let the planes 
CDP, BDP pa& through the axis of the cone, and meet 
the feflion in o^ /, and m. 

Then 



Thqn $nce the feflion ;3/n^ is parallel to th^ baCe ABC 

(h ^yi')* ^^ ^^^ planes. Bd, C0 cut them, ^ will be 
parallel to pc, and om to pb (VII. 1^.) 
* And becaufe the triangles formetj by thefe lines are 
equiangular, om will be to FB as X)0 to DP, or as ^ to 
PC fVL 5.) , ' 

But PB is equal to pc, being radii of the fame circle; 
wherefore om will alfo be equal to op (V. 10.) 

And the fame may be (hewn of any other lines drawn 
from the point to the circumference of the fe£lion nmpi, 
whence ntnp is a circle. . 

Again, by fimilar triangles, ns is to Dr as d^ to Dp, 
er as ^ to PB : whence the fquare of^ Di is ^o the fqoare 
of x>r as the fquare of om is to the fquar^ of PB (VI. 19.} 

But the fquare of «m is' to the fquare of PB as the 
-4:ircie: ;;jfi^ is to the circle abc (VUI. 5.}; theref(Dre 
the fquare of Dx is to the fquare of or as the circle wt^ i% 
tQ the circle abc (V« 11*) 

Cor. If a cone be cut by a plane parallel to its bafe 
the fe£tion will be a circle. 



fROP. 
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PROP. X:A.. Thsokim. 

iEv^ry conje is equal to a pyramid of an 
equal baie and altitude. 





Let OABCbca cone, and kepgh a pyramid, ftanding 
upon equal bafe« abc, efg^!, and having equal altitudes 
l>r» ns; then will DABC be equal to KEFGH. 
- ' For parallel to the bafes, and at equal iliftances M, . Kt 
frotn tbt vertices^ draw the planes nmp and vw. 

Then by the laft Prop,, and Prop. 15, the fquarie of 
2)9 if to the fquare of dp as »mp is to ABC ; and the fqiiare 
of Kr to the fquare of Kf as vw to eg. 

And fince the fquares of D^, dp ^e equal to the fquaret 
of Kr, Vis.{ConJi. and III 2,), ntnp is to ABC as vw is to 
EG (V. 11.) 

But ABC is equal ^to eg, by hypothefis ; wherefore wnp 
15, alfo, equal to i;zi; {V. 10.) • .^ 

And, in the fame manner, it may be fhewn, that anv 
other feftions, at equal diftances from the vertices, a^e 
equal to each othclr. 

Since, therefore, every feflion in the cone is equal to, 
its correfponding fcftion in the pyramid, the folids D aBq,' 
KEFGH of which ihcy are compofed, mufi be equal. 

Q. E. b. 
t PROP.. 
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PROP, XXL Theorem* 



■ V 



Every cone is^the third part of a cylinder 
of the fame bafe and altitude* 





" Let EAB be a cone, and pXfiC a cyHnderr of the fame 
bafe and altitude ; then will £ ab be a third of dabc. 

"For let KFG, KFCH.be a pyramid and prifm, havipg 
an equal bafe and altitude with the cone and cylinder. 

Then (ince cylinders and prifms of equal bafes and al- 
titudes are equal to each other (VIII. 18.) the cylinder 
PABC will be equal to the prifm kfgh. 

And» becaufe cones and pyramids of equal bafes and 
altitudes are equal to each other*(VIII. J?0.), the cone 
SAB will be equal to the pyramid kfg. 

But the pyramid K F G is a third part of the prifm k F G h 
fVIII. 16.), wherefore the cone eab is, alfo, a third part 
of the cylinder DABC. 

Q.E.D. 

Scholium I. Whatever has been demonftrated of the 
proportionality ot pyramids, prifms, or cylinders, holds 
equally true of cones, thcfe being a third-of the latter. 

9. It is atfo to be obferved, that iimilar cones and cy- 
linders ar^ to each other as the cubes of their altitudes, 

. R ^ 



or 
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or the diamaters of their bafcs ; the term like fides* being' 
here inapplicable. 



PROP- XXIL Theorem/ 

If a fphere be cut by a plane the fe6tion 

will be a circle. »* \ 



-4 • 




i I . 



Let the fphere ebd be cut by the plane b/d; then will 
BJD be a circle. 

For let the planes Abc, A^Cpafs through the axis of 
the fphere EC, and be perpendicular to the plane bjd. 
'-Alfo draw the lineBD; ind join the points A,' *D 'and 



r, s: 



— / 



Then fince each of thefe planci? are perpendicular *to 
the "plane BJD, their commori feftion Ar will alfo be per- 
pendicular to that plane (VII. 14.) • ' • ■ 

And, becaufe the fides ab, Ar, of the triangle A fir 
afe equal to fhd fides aj, Ar of the triangle Axr, and the 
angles ArB, An 3re right angles, the fide r& will. b«i 
equal to the fide rs (I. 4.) /•..;. 

In like manner* the fides AD, Ar, oflhe triangle ADr, 
being tjqual to the fides Ai^, Ar, of thctriangie A if/, and 
the angles ArD; Ars right angles, the fide rD* will alfa- 
be equal to the fide rx (I. 4.) ' - 

The lines rB, rD and rx, are; therefore, ail equal-; and. 
the fame may be fh^Wn of any oth^r Knes^ drawiv from the 

point 
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point r to the circumference of the fcftion ; .whence bxo 
is a circle, as was to be (hewn. 

Cor. The centre of every feflion of a fphere is always 
in a diameter of the fphere. 



PROP. XXIIL Theorem, 



Every fphere is two thirds of its circum- 
fcribing cylinder. 



-* 




• LetrEjM be ja fphere, and dabc its circumfcribing 
cylinder; then wull texm be two thirds of dabc. 

. For let AC be a feftion of the fphere through its centre 
F f and parallel to DC* or AB, the bafe of the cylinder, 
draw the plane lh, cutting the former in n and m\ and 
•join FE, F«, FD and Fr. 

* Then, if the fquare Br be conceived to revolve round 
the fixed axi* F.r, it will generate the cylinder ec ; the 
quadi-ant FEr will alfo generate the hemifphere ^jikrz;. 
and the triangle F Dr the cone r DC. 

And fincc fh« is a right angled triangle, and FH is 
equal to hw, the fquaresof fh, h«, or of Km, H», are. 
equal to the fquare of F«. 

But Fn is alfo equal to fe or hl ; whence the fquares 
#f Hm, H/i are equal to the fquare of ML : or the circular 

R ^ feflions 
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feftionj whofe radii sure H«, H» are equal to the circular 
fcftion whofe radius is hl (VIII. 5. Cor*) 

And ^ this is always th^paff, iq every par^lel pofition 
of HL, the cone fdc and cylinder EC, which are comr 
pofed of the former of thefe fe6li6ns, are equal to the 
hemifphere EMrE, which is compoied of the latter. 

But the cone fdc is a third part of the cylinder £C 
(VIII. 21.); .\^hcnce the bemifpherc EMrE is equal to 
the remaining two thirds^ or the whole, iphere rEsM i^ 
equal to two thirds of the whole cylinder d abc, as wm 
to be (hewn* . ,• 

Cor. I. Acone, hemifphere, ^d cylinder, pf the fame 
bafe and altitude, are to each ptb^ as the number; 1» )?, 
and 8n 

Cor. ^. All fpheres are to each other as the cubes of 
their diameters ; thefe being like part| of their circuoi* 
fcribing cylinders* 



NOTES 
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NOTES Alto OBSERVATIONS. 



Di p* 1. Book L 
THE defimtiOn of a folld, contrary to the ufual ifle* 
thbd, is here made the firft of the firft Book ; as tliolc 
of a point, line and fuperficies are all derived from iu 
and cannot be underll od \\rithout it. £uoi«{ d feems to 
have placed it in the eleventh book of the EteitiefitSi for 
the fake of uniformity ; but arrangements of this kind» 
which are merely arbitrary, are but of little Gonre({uenee». 
and (hould therefore always be made to give place- p 
perlpicuity stnd the natural order of things. 



. •• 



Dep:^, S, 4, Book. I.. . 
Thefe definitions are now, by mean$ of the former, 
rendered perfefily clear and intelligible, fo that ^ny far*, 
thcr elucidation of them is altogether unneqcflary. DRr 
SiMSON has endeavoured to fhew, by a formal proof, 
drawn from the confideration of a folid, that a point, ac- 
cording to Euclid's definition, is. witRout parts, aline 
without breadth, and a furface without thicknefs ; but 
this, and all other demonflrations of the lame kind, are 
unfcientific and fuperfluousrj for thefe properties are fo; 
obvioufly effential to Ae things defined, that the)«cannot^ 
even in idea, be feparated from them. If a. point had, 
parts, it would be a line ; if a line had breadth it would 
be a fuperficies; and if a fuperficies had thicknefs, it would . 
be a folid; which are all manifeft contradi£lions. It is,. 
belideS} a fure figh that a definition is badly exprefled, 

R 4 <.when 
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yh&n it requires a number of prolix argum^itft tpefftab^ 

■ 

its trutli and propriety* 



•' ■' '•t 



X>EF. 5. Book,!/ 

Euclid's definition of a right line is not exprefle^iil* 
fo accurate and fcieniific a manner a/i could be wifhed ; 
the lying evenly between its extreme points, is too v^gue 
and indefinite a term to be ufed in a fcience fo mu^h 
celebrated for its ftri^neCs and fimplicity as Geom^^ry. 
Arc h I m £ d £ s defines it to be the ihorteft diflance between 
any two points ; i>ut this is equally exceptionable, pn.afir 
cduntof'the uncertain fignificationof theMford.d^ijJance^ 
which, in common language, admits of various mean* 
ings. That which is here given, is^ perhaps, not much 
preferable to .either o£ .thefe. The teifni' ipjgbt, . ^ ikng^ 
line* isv indeed, fo common and fimple, .ib«ttit ie^r»ibi# 
convey its own meanings in a more cl^rax^ S^i^t^StPty 
loaiiner than any explan<$ion >yhkh can be givjsnio&ii}; 
iPliw Au STiNy in bis^ Examination of thejSrftfix boeks^of 
ihe Eknoents, propofes a Angular emendation of this^e* 
(nitiQn, which includes t{ie confideration of right Unes; 
ioikad of a right line, as the cafe manifeflly requires^r.; : 



D£F. 6. BqOK I. 



■ . .V 
. < - - -■• 



^ SoQic call a plane fuperficies that which is the leaA: <Qf 
all thofe having the fame bounds ; andothera, that,which 
is generated by the m6tion of a right line, not moving 
in the dlreflion ofitfelf ; but thefe definitions are too 
ip^mplex and obfeure to anfwer the purpofe required. 
TUCLIU defines it to be that which li^s evenly betweehlts 
lines; .which is liable to the fame exception as that given 
is a r^ht Jine : : noc is the' one which has been fubftituie^ 
i- - in 



i 
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HM^fMi-^lhii, hfDK.Sii»:t<>s, zMdhetMiwrt. 
fo fimple and perfpicuous as could be wiflied. Nothing 
is gained by the e?fplanation of a term« if the words in 
which it is exprefled are equally, or more, ambiguous, 
•han the' term ttfelf: for this reafon, that which is here 
^ven, has been pretetrcd to either of thofe abovemen<^. 
itioned : tliough, perhaps, it may not be equally commo- 
ii6Xii in certain cafes. 

It is alfo to T)e remarked, that Euclid never definet 
one thing by the intervention of another, as is the cafe in 
Dn. Sim son's emendation; fo that if this method had 
tSC^rred to Him, he would certainly have rejeftcd it. 

Def, T. Book L 

' Tht general. definition of an angle in Et/CLi d, b» been 
^In0pei4y ob{e£led to, by feveral of the modern Editorr^ 
30 bting ttnneceSiiify, and conveying no diftinfi meaning; 
and in Dr. Simson's emendation of the ni;ntb» A^ 
feema to be ftiil a fuperfluous condition* He defines a refi»k 
Hneal angles to be ^ the inclination of two finiight4iiieil 
to one another, which meet togaher, but ai^fiot intl^ 
fame ftraight line.'- Now tbetr not being in the fiuAt 
flraight line, is a neceflary confequence, obvioufly in. 
eluded in their having an inclination' to* each other; and, 
tbeii^fore; to make this an effi»itial part of ibetldS&itioA« 
ift certainly improper, and unfcientific, '■ ^ ' ^ '^-* j'-* 

Dt F. 8, 9, B o-o K. I. . . , ,^ 

- '• - ' ■ • ■ • '\ 

Eve LID inolude^ a rtghC angle and a pei^diciiilarfjft 
the fame definition, which appears to be^immethodiifa^ 
and contrary to hit u&al cuftom. TUey m 'ttrtfiitily 
difiiiifi things, though d^peadem upon each bthor; and 

have 
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hsive as much cl^im to be feparaiely definfidi «|.« ^ir^kl 
9tnd it» diameter. -. , 

Dk r. 13, Boojc I. 

Th6 definition of a circle from its generation, hai 
been thought byDR.BARROW and others, to be pre- 
ferable to Euclid's, or the one here given ; as it is (uf^ 
pofed to furnifh its properties more readily, and to. have 
l3ie ftili farther advantage of ihewing the afiual extiieace 
^fucb a- figure, independent of any hypotbefis, but tb^t 
^ granting the poflibility of motion. But the requifitioii 
of ibh poftulatnm, appears to be a fufficient reafQUiiwfajp 
£ucLiD rejefted fuch a definition. The principles of 
pure Geometry, have no depehdeitice upon motion, and 
it IS, therefore, never ufed in the Elements, bufcin tiwo 
#r thiree places of the eleventh book, where it cotUdnot,* 
jvithout much obfcurity and circumlocution, • have feeep 
^fafiiy- avoided. It is befides, neither fo fimple, nor con- 
.Venient to refer to, as Euc Hd's ; which, in thef^ refpe^s, 
i$ as commodious as could be wifhed. 



• •% 



Def. J?Q. Book I. 

. Dr. Barrow, and other writers of confiderable eau* 
^ence, have cenfured Euclid for defining paralFel lines, 
-froin the negative property of their never m^i^^ each 
'other; and. to this. they attribute all the perplexity and 
confufion, which has hitherto attended this delicate fub«- 
jeft : affirming it as an utter impoffibility, that any of 
At properties of thefe lines, can be derived fix)m adefini* 
fion which contains only a fimple negation. But thefe 
lIlflbFtions appear to be groundlefs; for the definition it 
'founded on one of the moll familiar, fimple and obvious 
■'■ ' properties 
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yr^perties of parallel line8,_which either reafon or fciencf 
can difcover : and, on this account, it is certainly pi^r 
ferable to any other that could liave been formed from 
more abftrufe and complicated affections of thofp line«, 
'how ready and ufeful foever fuch a definition might havp 
been found in its application. . ^ 

The affection, likewife, that none of tlie other pro* 
perties of parallel lines can be derived , from this 
definition, has been unadvifedly mad« ; for the 2lfth 
Prop, of the firft Element, which is the fame as the 2£d 
of the prefent performance, is fairly and elegantly dc- 
xnonffrated by it ; and by means fometbing fimilar ta > 
thofemadeufe of by Dr. Simson, in his Notes upon the 
S9th Prop, it would not be <lifficult to fhew that all tte 
other properties of thofe lines may be derived from this 
definition, without the affiftance of the l^th axiom, air 
any other of the fame kind. Dr. Simson, indeed, iii 
his attempt to demonftrate this axiom, has made feveral 
paralogifms which render his reafonings altogether in* 
valid, and nugatory. Pafling by others, oj[ lefg confii^ 
quence, it will be fufficient to obferve, that in his fifth. 
Prop, he takes it for granted, that a line,, which is per- 
pendicular to one of two parallel lines, may be .pro« 
fjuced till it meets the other: now this i« a partictdar 
caffe of the very thing he is endeavouring to prove, which 
is fo ftrange an overfight, that it is remarkable how it 
could efcape his obfervation. 

This, however, is not the only inftance of an unfuQ- 
cefsful attempt to prove the truth of the 12th axiom ; for 
Clavius and others have committed fimilar miftakes, 
*and Dr. Austin, who has endeavoured to demonftmte 
it by meaas:of ^ new definition of parallel lines, has 
.....>.. made 
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made ufe of an affuraption equally unwarrantable with 
that mentioned above. That the theory of parallel lines, 
as it is given in the Elements, is very imperfeft, cannot 
be denied ; but . no one has yet been fubftituted in its 
place which is not equally defeftive ; and in fome in-' 
ftances ftill more exceptionable : particularly as they are 
founded on a definition which is derived from an adven- 
titious property of thofe lines, inftead of one which is 
inherent and neceflary, as the nature of the fubjeft re- 
quires. 

Whether Euclid was the author of this axidto cannot 
perhaps, at this time, be eafily determined; but it is Cer- 
tainly a difgrace to the Elements. The truth of the pro-* 
pcrty here affumed as a thing to be granted, li fo far from 
being obvious, that it requires demonftratlon as mUch ak 
any Prop, in the Elements; and it is always obferved'thaf 
learners, inftead of giving that ready aflcnt to it which an 
^iomitical principle requires, receive it with doubt afad 
faditation, and are fcarcely able to comprehehd the mean, 
iiig of it. The one which is here made the .4th pcyftalatd,^ 
tlMugh nearly the fame thing in effe3, is much mom 
eleaf tod intelligible. : • t .w 

• 

Pr o p. 1. Book I. -^ * : 

In the demonftration of this propofition, by Eif^Lf b,*' 
iShat part which relates to the interfeftion of thcicircles n^ 
viery improperly, omitted; for in a work of t'His kind^" 
nothirig, however evident, olight to be taken for graiiti' 
ed ; anH particularly at the firft outfct, where a ftriftnefs 
of elucidation is peculiarly necelTary. THe paffing of the 
circles through each other's centres is, indeed, a rufficient 

i 

jrcafon why they muft cut each other; but this Oiould cer- 
tainly have been mentioned in the demonftratioft.'^'^'' ' " 

Prop. 
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Pkot. 2. Book L f^ 

pROCLUS, and other writers, have obferved, thattliis 
problem admits of feveral cafes, according to the fituation 
of the point A; but there is only one of them that can' 
properly be called a feparate cafe, which is when the point; 
A is at either of the extremities of the given line : and la 
this cafe, if a circle be defcribed from the given point, at ' 
the diftance CB, any of the radii of that circle will be the 
line required. In all other fituations of the point A|.' 
whether in the line ab, or out of it, the conftruftion.andF 
demonftration will be the fame as that given in the text ;^ 
which difiers from Euclid's only in the proclu,cing of the- 
line DAt after the circle fhg is defcribed; this being 
thought more conformable to the terms of the propo-- 
fition. 

. Prop. S, B o OK I. 

- ■■ V ' 

In the conftruQion of this problem the line Ao maj;^- 
faU upon the line ab, and then the thing required is dpacw[ 
The given lines o and ab may alfo meet each other, as^^ 
the point a ; and then a circle defcribed from tliat ppiot^- 
with the radius c, will cut off from ab the part requited^:. 
This cafe occurs in the conftruftion of the 5th propo- 
fition following, and in fevenJ other parts of the Elements, 
and, for that Keafou, ought to have been mentioned. In 
all other pofitions of the two given lines Euclid's con-^ 
flru£lion and demonftration are general. 

PHO P. 4. Bo O K I. 

The demonftration of this propofition has been fr^-^ 
quently obje£led againft, as being too mechanifpal. But 
this complaint is frivolous and ill founded ; , for the ppe-^ 

ration 
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ration of placing pne triangle upon the other, is a mental 
one, and what is to b^ confidered as pofTible to be efFo^l^ 
cd, rather than aftually done. There is, belides, no 
other way in which the equality of thefe figures can be 
eitablifhed, fo that any cavils about its merits or defefli^ 
arc entirely precluded* 

Pro p. 5, Bo ok L 

Euclid, in his demonftration of this prppofitipiii b^ 
fliewn that the angles below the bafe are, alfo, equal to 
«ach other. But as this property is never referred to 
throughout the Elements, except in the demQnili;atiQirof 
the 2d cafe of the 7th propoGtion following, the Wjhole,o£ 
which is bpth auk ward and unneceflary, it would JI^^C; 
been better to have omitted it, and confined tlie deqioii-i. 

■ ■ a 

firation, in the prefent inllance, to the equality of ,ll^. 
angles above the bafe, which is a property much more 
generally ufefuL 

Pr o p. 6, B oo K L 

I ' ■ " ' I 

The demonftration of this propofition, in Euclid, ; is. 

unmethodical and defe6live. It is not fufficient to lhew.^ 

> . - • • ■ 

that one fide is not greater than the other, but it Q^ht, 

iEilib, to be (hewn that it is not lefs, before their, equality 

can be fairly inferred* It is true, indeed, that eitli^r ol » 

the fides may be taken at pleafure, and the fame thing. 

will follow : but this obfervation fhould have been madc^ 

knd then the prcmifes, which they do not at prefent, 

would have authorized the deduftion required. The 

fan^e obje6lion may be made tp feveral other pr^pfitipss 

in the Elements, • '^ 

* < • • . 

Pk,of. 
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Prop. 7. Book I. 

This is the fame as £uc Lip's 8th propofition, but de--^ 
monftfated in a different manner, in order that the pre* 
ceding one, which is altogether ufelefs, might be omit* 
ted. PROCLUsdemonftrates it in nearly the fame manner^ 
but he makes three cafes of it, when it may be done gene- 
rally in one ; for if the longeft fides, or rather thofe which 
arp not (hortcr than any other, be applied together, there 
can be no ambiguity in the ^cies of the triangles, 

P'R O P* 8, B O O K I. 

This propofition ismadefan axiom byEuCLib; but 
it is certainly not ai truth of that kind : for when two right 
angles are fbund in feparate and di{lin£l figures, there is 
nothing in the definitions or poftulate^, from which their 
equality to each other can be fairly inferred. 

Pro p. 12. Bo o K !• 

It IS not fhewti by E u o l i d, in his demojiflration of thk 
problem, that the circle made life of in the conflru£liont 
will out the given line in two points, which as mtich're^. 
quiriei pfoof as Prop. 2. Book III. which is nearly' ift^- 
converfe. For this reafon the conflfuftion given in th^ 
text hisis been prtferred ; but in a work where the utinofi?' 
fcientifi'c rigour is required, it: would be better to Con- 
firufl the problem without the intervention of the circle^ 
by means of right lines' only, which .r«^y eafily be done. 

Prop; 13. Book I. 

In the tttunciation of this Prop, by Euclid, the anglai 
arefaidtobe cither equal to two right angles, ortoge- 

-> ther 
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thcr equal to two right angles : but the fonner part of 
this feems tp be unneccflar)' ;' for in all c§ifes, whether the 
angles be each of them a right angle» or not, they are 
together equal to two right angles. 

P R O P. 16. B O O JC I. 

As the outward angle of a triangle is afterwards fliewn 
to be equal to the two inward oppofite angles, it is much 
to be wiflied that the prcfent Prop, which is only a par- 
tial cafe of the former, could be removed from the Ele- 
ments: but this cannot eafily be done ; for the fallowing 
propofition, and the firft relating to parallel lines, are . 
not tjthcrwife to be demonftrated. The next Prop, in 
£uCLiDt 18, however, quite unneceflary, as the firft plate ' .'" 
in which it occurs is Prop. 18, B. 3, where a reference 
may be as readily made to the general propofition. 

4 

Prop. 19. Bo o k I. 

The demonftration of this propofition, as it is given 
by Euclid, is extremely dcfeftive; for the whole defign 
of the problem is to fhew that of three right lines, under 
-certain fpecified reilri£lions, a triangle may be formed ; 
and as no ufe whatever is made of thefe reftri6lions, 
either in the conftruftion or demonftration, both the ar- 
guments adduced, and the conclufions derived from them-, 
are entirely nugatory. This defeft was obferved by Mr. 
Simpson, between whom and his antagonift Dr. Sim- 
son, it occafioned fome controverfy, which drew from 
the latter fome very hafty unfcientific expreflions, not 
much comporting with the charafter oi fo ftrift and ac- 
curate a Geometrician. 

Prop. 
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PkoPi ?8. Book L 

in moft eclitions of Euc Li D, two corollaries are affixed* 
to this propofition ; w^ich are equally or more intricate 
than the propofition itfelf; D R . AuSTi N has endeavoured 
to prove that thefe, and moft ot the othfer corollaries, to 
be found in the Elements, were not introduced by Eu- 
clid, but by fome of his commentators, or interpreters ; 
and there are many reafons for believing that this opinion 
is not ill founded* It is generally allowed, that Euclid 
wrote a,book entitled Cforollaries, which were a collection 
of confequences deducible from his Elements ; and, there- 
..'^ fore, it is not to be imagined that they were originally 
inferted in that work ; as in that cafe it would have been 
quite unneceffary to have publifhed them in a feparate 
performance. Befides this, the chain of reafotiing it 
complete without them, as is evident from their being 
feldom referred to in any propofition. In all cafes, how« 
ever, where a ufeful truth of this kind can be readily de- 
duced from a preceding demonftration, there appears to 
be no impropriety in making it a corollary^ 

Pro p. s\. Book I» 

' This propofition, as it ftands in moft of the early 
editions, has three diftinft cafes, which all require to be 
feparately demonftrated. D^. SiMS0N,by changing the 
mode of demonftration, has reduced it to two : but by 
an obvious alteration in thfe enunciation of the 1. 26* EucI 
which is the fame as our 21ft, the propofition, both for 
parallelograms and triangles, might have been demon- 
ftrated generally, in, one cafe only ; which, when it can 

S bo 
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be done, is always to be preferred. In this part of the 
work, alfo, feveral other alterations have been made, the 
iieafon for which will be given in the notes to the fecond 
book* 

Prop. S3. Book !• 

• This propofition is fubftituted in the place of Prop,49g 
44, and 45 of Euc. B. L as being lefs intricate,and equally 
ttfeful in its application. One of the principal defigns of 
thefe propositions, is to (hew, that a parallelogram, under 
certain conditions, can be formed ; and as this can be more 
Readily effefied by other methods, the preference has beeo 
given to that which appears the moil (imple. It may alfd 
be obfcrved, that the 44th propofition of EucL'ii) is not 
legally demonftrated ; for the parallelogram BF» which 
ihakes a part of the conAru£lion, cannot be formed from 
Prop. 4!2, as is dire£):ed, being entirely a different tafe : 
and as the 45 th is derived from the 44th, it muft allb h6 
liable to the fame objeflion. 



. • • 



Prop. 54, S5. Book L 

Thefe propofitions are delivered by Euclid in a dif- 
ferent form, and not given till the 6th book ; but aft they 
are extremely eafy, and of frequent ufe in their applies, 
tion to other propofitions, in the preceding i)oolui, thejr 
have been here introduced as early as poffible, and de» 
monftrated independently of the do6lrine of proportioh ; 
which, it is imagined, beginners will confider aa an ad- 
Vantage, as they feldom arrive to fuch a proficiency^ ina 
Juiowledge of the Elements, as to obtain clear and facia* 
fa£lory ideas of that intricate fubje£l. : . . ^ 

Prop. 



y OBSERVATIONS. H'S^ 

.-*-.-'. J . • . rt - 

• • - • •• 

pRoi^i 1. Book II. 

tn Euclid's deihonftratiori of this problem, it ooglik' 
to have been proved that the lines which are direSed to 
be drawn parallel to ab, ai>, will meet each other; or 
othervvrife it is not certain that the fquare required can bC* 
fdfnied. On this account, a mode of coniliufiion has 
l^een here obfervcd^ which ;is not liabk to that objefiion. 



<\ 



■ ?%0P. Sii 3i 4, Book IL 

Tbefe propbfitions, which are not in Eire LID, may 
by feme, bethought unneceffaryf but tliey muft either, 
be dempttftrated, or aflumed; as the firrt, in particular^ 
U wanted in almoft every propoGtion of the fecond book ; . 
and the othets are frequehtly required in fcveral parts of 
the. Elements. Why they were omitted by Euclid 
does not; appear ; they are certainly not axiomatical, noi* 
more evident in themfelves than many others which he 
ha^ fcnipuioufly demohftrate^* 

Pkop. 6s Book IL 

., -This-propofition is placed in the fecond book, for the 
porpofe of demonfirating it in a more general manner 
than has been done by EiJCLi d ; and in order that fome 
ci0[\en; of iittie importance, might be more eafily omitted.^ 
The demonftration depends principally upon the firft 
^ropofuion, inentibned above ; and this,-^ among . othi^ 
inftances, is fuflicient to ihew the utility of that tbepiF^99» 
and the ncfceffity of its being introduced into . ^ 
Elements. ,. . ...... . /,,• 

S2 Prop. 
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Pr op 7. Book II. 

, This theorem, which is not in Euclid, is given 
chiefly on account of its application to fome of the follow- 
ijDig propofitions, the demonftrations of which are, by this 
ippans, rendered more concife and elegant, 

• 

Prop. 15. Book II. 

All the theorems in Euclid's fecond book, which re- 
late to the diyifion of a line into more than two part^, arc 
^ere omitted, as they are commonly found tedious and 
cmbarrafTing to beginners, and are not of any very ex- 
tenfive ufe. The prefent propofition, which is not in 
Euclid, is much more generally applicable ; and this, 
together with the preceding ones, will be found fufficienl 
for moft geometrical purpofes. 

I 

/ 

Prop. 16, 10, 20 and 21. Book II. 

Thefe propofitions, though not in Euclid, are frc* 
quently wanted, particularly the ift, 2d, and Sd, which 
are, alfo, equally remarkable, both for their elegance and 
utility. 



1 '. ; I ' 



Prop. 1. Book III. 

It is propedy obfcrved by. Dr. Simson, in his notet 
lipon this book, that the objeftions which have been 
ufually made againft the indireft method of proofs 
lifed in this and fevcral other propofitions in the Ele- 
ihents, are injudicious and ill founded; as it is obvious 
' to every one, who has duly confidercd the fubjeft, that 
there are many things which cannot be proved in any 

other 
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other way. There is, however, a real defefl: in the de- 
monftration of this propofition, that efcaped his notice; 
which is, that the fiftitious centime, or point G, may be 
takeft in the line EC ; and in this cafe the demon ftration: 
given by Euclid will not hold. 

■» 

Pro p. 4. Book III. 

This propofition is the fame as the 9th of Euclid, 
Book III. but demonftrated in a manner which it is ima- 
gined will appear fomething more clear and fatisfaftory, 
at leaft to beginners. According to his method the pro- 
pofition admits of feveral cafes ; and in that which he has 
chofen as a general one, the fiftitious centre, or point e, 
is fo iaken, that the proof would be exaftly the fame for 
two equ^l right lines as for three, whi^h is a manifeflt 
Jmperte&ion. 

Pjiop. 5, Book III. 

Euclid has given this theorem in his 3d Book, in the 
form ot a definition ; which is the more remarkable, as 
'he appears, in feveral parts of the Elements, to be well 
aware, that the equality of no two figures can be admitted 
but from the tell which he has laid down in the 8th 
axiom. 

■ * 

' Prop. 6, 7. Book III. 

Thefe theorems are, in fuhflance, the fame ^s Eu- 

CLiD*s, but differently enunciated, in order to accom- 

modate beginners, who are generally embarraffed with 

. the aukwardnefs of jhe figures, and the two fidtitiou^ 

centres in the lafl propofition; the latter of which are 

S3 here 
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here avoided. It may alfo be obferved that the dcmpt^^ 
ilrations of thefe propofitions are not IWftly fcjentific^; 
fince, for aught that appears to the cpntraiy, th^ cifde^ 
may touch.each other in more points than, one,* in ^diicH 
cafe the proof he has given would be nugatory. ■ ^4^ 
avoid this, the fucceeding propofitions fhould hayje beeif 
placed prior in order to the prefeat onds, and demoa^f 
ftrated independently of them ; lyhicli, however* Ciiniiol^ 
eafily be done. For this reafon, and to avoid, as much a# 
pofTible all thfeorcms which are other^ife of little itnporl^ 
ance, the touching of the circles in one point onlf],,>h^ 
been heref inferred fr<Hn the definition. A fimilar fihjiic^ 
tion may, likewife, be made againft the 5th, 6th, and^ lQt& 
theorems of Euclid, Book III ; the lafi: of whicblhoiii^ 
have been demonflrated firfl: ; for, as.the^ noYrrftai94^ 
feveral things which require proof, as much as the propo- 
fitions themfelvesy are takpn for granted. 

Prop. 10. 5ook III. , • 

In this propofition, no mention is made of the C(itiifT 
cular angle, or that which is fuppofed to be fortilfeV^ fty 
the circumference and tangent, at the point of Contaft-; 
as it is of no ufe -whatever in Geometry, and ought never 
to have befen admitted into the Elements. Dr. Sim son 
, fufpefts, with ViETAf that it is an interpolation, and oil 
that account has properly rejefted it; but there are ftill 
feme particulars, in his enunciation of this propofition, 
which appear to be equally unneceffary. The theorem 
is, therefore, here propofed in as fimple a manner as 
poflible, and reftrifted to that cafe which moft frequently 
occurs.^ 

Prop. 
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Prop. U. Book III. 

In Euclid's demonftration of the fecond cafe of this 
theorem, the following propofition has been taken for 
granted, viz, " If one magnitude be double of another, 
and a part taken from the firft, be double of a part taken 
from the fecond, the remainder of the firft will be double 
the remainder of the fecoqd." But as this afTumption^ 
which has hitherto been tacitly acquiefced in, is not de* 
rived from the axioms, or any thing which has been pre- 
vioufly demonftrated, it is certainly improper, and nn^ 
jnftifiable. In order, therefore, to render the demotiw 
ftration of (his cafe more firi6l wd fcientific, it is here 
given in a different manner, which is equally eafy witk 
did former, and noi liable to the fgmeobjeflion. 

Prqp, 15. Book III. 

Pr. Austin in his examination of the firft fix books 
of the Elements, is of opinion that the fecond cafe of this 
propofition, which has bpen added by Dr, Simpson, 
and other modcrp Editors, is uniieceflary. " The former 
propofition, he obf(;jrves, is general ; and, therefore, it is 
immaterial, wl^ethpr the part ot tlie circumference upon 
which the angles at the centre and circujnference fianj^ . 
|>e greater or icfs than a feinicircle.*' But this obferva* 
tiun is foreign to the purpofe j for as the arc which fub* 
lends an angle at the centre, muft always be lefs thux a 
femicircle, no fuch angle can be introduced into the Qoa- 
firu6lion of this caie ; and therefore the demonftration 
of it muft neceflarily be obtained in fome way different 
from the former. 

S 4 Prof* 
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Prop. 18, 19. Book III. 

. ,; The firft of thefe proportions i^ the fame, in effeft- a$ 
ihe 25th of EupLiD, Book III, but fompthing more; 
iimple, being demonftrated generally in one cafe. The 
other is the converfe of our 17th, or Euclid's 2:2d, 
which he has omitted, but for what reafon does not ap- 
pear, as it is of frequent ufe in it^ application. 

Prop. 20. Book III, 

This propofition differs from the 24 th of Euclt-dY 
Book III, only in the enunciation, which whs dofie ib. 
avoid the neceflity of defining fnnilar fegnients of circles^ 
For as this definition, which is nothing more than EtJ- 
Clid's 2lft propofition, in another form, 'cannot poffibly 
be underflood, till it is fhewn that all angles in the faitie 
fegment are equal to each other, it is altogether ufelefs, 
and contrary to the nature of a definition, which require? 
that it fhould be exprefTed in fuch terms, and derived fmni 
fuch properties as are fimple and obvious. 

Pr pp. 27, 28, 29. Book III. 

The demonflrations of thefe propofitions are confined 
to one cafe, which, though it does not iiiclude every pof- 
Cble pofition of the Hnes, will, it is conceived, be thought 
fufficlently general. Euclid, in this inflance, is much 
more particular ; having fcrupuloufly demonflrated cafes 
of lefs moment than many others in the Elements which 
are. taken for granted, And the fame want of unijprmity 
may be obferved in feveral other propofitions, with refpcft 
to the flriflnefs or laxity of their demonflrations. 

Prop. 
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JpROP. s. Book IV.. 

Dr.Simson in hU note upon Euclid, Prop. 5, B. 4, 
obferves " that the demonftration of this problem, has 
l?cen fpoiled by fome^ unfkilful hand. For he doe&not. 
dcmonftrate, as is neceflary, that the two ftraight lines^. 
yrhich bifeft the fid^ of the triangle, at right angles,, 
^uft meet one another." After which, it appears fome«^ 
thing fingular, that this able Geometrician fhould not per- 
ceive that a fimilar omifSon had been made in the de-, 
monftration of the 3d, and feveral other propofitions of 
this bo9k ; in which the neceffity of proving that cg^ain 
lines will mf et each other is equally obvious. In all thef<p 
cafes, therefore, that part of the demonftration is noi^ 
iupplied* and the different felutions, by that means, ren^ 
jjered more complete. 

PKOp.^ 10. Book IV. i. 

' This propofition has been purpofely altered from Eif^' 
C LI D, in order to render the conftru^ion of the followiftg^ 
one more praftical and (imple. It is now, alfo, properly 
limited, which Euclid's is not; for according to his 
enunciation of the problem, an infinite number of trian- 
gles may be formed, which will anfwer the conditioi;is 
required. The fame objeftion is likewife applicable tor 
feveral other propofitions in the Elements ; and though 
it may, to fome, appear trifling, it is certainly a de- 
parture from that Itritlnefs and precifion which, in aj 
work of this nature, arc geaerjlly confidered as efTential 
requifites. An inftance of this kind occurs even in the 
2d Prop, of B. I, which, however, is not fo eufily re- 
medied. 

Prop. 
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Prof. 11. Book IV. 

*8bine of the Commentators have obferved, that Eu- 
CllD*k method of infcribing a pentagon in a circle, in 
lltuch left fitnple and elegant than that of Ptolemy m 
tire '1ft Book of his Almageft ; and for that reafon think' 
ieoTjght to have been given in the Elements. Whilft 
(dSjers maintain that the denionft ration of Ptolemy'* 
conftruftion depends wholly on the IS^th Book, and that, 
therefore, if Euclid had known it, he couW not have 
iiifcrted it in the prefent Book ; the materials for it not 
Deing yet prepared. This, however, is not true i for it 
Bats been clearly fhewriby the author, in a periodica'! 
I^ublication for the year 17S6, that the truth of this eonr-^ 
^thi6liciin may be proved by means^ of the firft three EkN^s 
dfthe Elements only ; but the reafon why it has 4wl:%e^e» 
^iven in the text is, that the demonftration, being fbmi* 
thing more intricate, might not have been fo readily com-' 
jjreliended by beginners, for whpfe ufe this woyk is ptiti'- * 
ciffelly defigned. 

Def. 5. BqoK V. ' -r 

' Thi« definition, which is the fame jn effcft as that 
giren by Euclid, ha^ been the occafion of mu^h xtm\ 
tf^verfy anfd difpute among Mathematicians; many o£ 
tlM^m thinking it foreign to the purpofe, and others too 
difficult and obfcure to be made the leading principle of a 
do&rine fp ufeful and necelTary as that of prop^ion; 
But, from^ a mature confideration of the fubje3, it is fuffi- 
4idntly evideht that no other definition, equally applicable 
isA general, could have been given ; and, therefore, the 

neceiCty 



OBSERVATIONS, jeer- 

(jeceffity of the cafp required that the prpfent onfe Oiould 
))c adopted in preference to all othcn. 

That it is not fo fimple and evident a$ that which may 
be given of numbers^ pr commenfurable magnitudes, 
jcannot be denied ; but thi$ arifes from the nature of the 
fubj.e6);» ^ind is not to be avoided. There are Tome pro* 
portional magnitudes, fuch, for inftance, at the fide of a 
iiquare 4nd its diagonal^ which have no common mearure» 
and cpnfequently cannot be defined by that means. Some 
pther definition was, therefore, to be found, which v/ould, 
}}Qld in this, and all other cafes, without excepticm; and 
as the one in quef);ion anfwers thefe conditions^ and ^, at. 
the fame time, equally commodiou9 in prafUce, nothipg 
farther can be expe£led« 

In order, however, to accommodate learners., who axs 
feldom able to comprehend Euclid's 5th Book, fuch 
alterations have been made in this part of the work, as it 
ill prefumed will render it much more clear and inteU 
ligible. Among others, the definition above-mentioned 
is more concifely enunciated ; by which it is made to ap- 
pear lefs intricate and involved ; and confequently may be 
more eafily remembered and applied. Every thing which 
relates to a greater and lefs ratio is alfo rejefled, as beinj 
obfcure and unneceflary. And as brevity was bfirt. thought 
particularly requifite, fuch propofiitions only hav4( bee^ 
introduced, as are obvioufly ufeful ; the reft being confir 
dered as impediments in the way of the learner, and, for 
that reafun, unfit for an elementary performance, whofe 
principal aim ihould be clearnefs and perfpicuity. 

For a further account of the doflrine of ratios, as de«' 
livered by Euclid, the reader it referred to the 7th and 

8th 
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8th of Dr. Barrow's Mathematical Leftures, where the 
ufual objeftions which are made to this method arc fully 
refuted. 

Prop. 2. Book V. 

. This Prop, is the fame as the Cor, to Euclid's 2d 
Prop, of Book V, which Dr. Simson has marked with 
inverted commas, as being unneceflary. But, whoever 
confidcrs this Book with attention, will obferve, that the 
corolrary is much more ufeful and general than the pro- 
pofition. It is, indeed, ftriftly fpeaking, no coroUarj' to 
the propofition in queftion, and for that reafon is properly 
enough difcarded ; but it would have been much better to 
have ftruck out the propofition, and fubllituted the corol* 
lary in its place. 

Prop. 4. Book V. 

This propofition, which is required in the demonftra- 
tion of fome of the following ones, is not exprefly enun- 
ciated by Euclid, being introduced into the demonflra- 
tion of the 8th propofition, without any farther notice. 
But as it is a diflinft theorem, the truth of which is much 
Icfs obvious than that of feveral others in this Book, it 
ought to have been feparately demonftrated ; and particu- 
larly as it is of confiderable ufe in its application. 

Prop. 16, 17. B.ook V. 

. It' has been properly obferved, by Mr. Simpson, that 

.' )|ie mann^ in w^ich the compofition and divifion of 

jft^jocU tc^ed of by Euclid, is defe^Uve. ias not being 

ii^ijnrty general. . It is alfo commonly found very 

abftrufe 
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abflrufe and embarrafling to beginners, on account of 
the complicated, terms in which it is enunciated, and the 
number of cafes to be feparately demonftrated. For th6fe 
reafons, it was deemed neceffary to give the propofition* 
a more fimple and general form, and to render the de- 
monftrations of them as concife and perfplcuous as pofli- 
ble. The 17th, in ftriftnefs, has two diftinft cafes ; but 
as the fecond differs from the firft only by inverting the 
terms, it was judged fufficient to mention it ina 
Scholium. 

Def. 1. Book VI. 

Dr. Austin objefts to this definition, becaufe it doe* 
not yet appear that any reftilineal figures can have their 
angles equal, each to each, and the fides about them pro- 
portional. He would therefore define fimilar triangles 
firft, which may be done only from the equality of their 
angles; and after this to call thofe fimilar reftilineal 
figures, of more than three fides, which confift of an equal 
number of fimilar triangles, fimilarly fituated. This is no 
doubt an alteration which might prove advantageous to 
learners; but as it appears illogical, and contrary' to the 
method .made ufe of in other cafes of a like nature, the 
original definition was thought preferable. 

Prop. K, 13, 16, 17. Book VI. 

Several akeirations have been made in the demonftra- 
tions of thefe propofitions, as they were given by Eu-. 
C j-lD^ with the view of rendering them more fimple and 
caCy 'r. but iSi. they. sure in general fuch as may be readily 
flifcpvered by infpeftion, or by comparing the theorem* 
with thofe in the Elements, it will be unneceflary to point 
th^m out to the i:eader. 

Pro?.- 
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Prop. 19, go, 2^, gs* Book VL 

Thefe propofitions are not in Euclid, though tfeeif 
mility and elegance certainly entitled them to a place iif 
the Elements. The latter, in particular, may fupply tlie 
place of the g7th, 28th, and 29th of EucLlD; Which 
afe certainly very awkward propofitions, and ate feldom 
well underftood by beginners. The ufe which was made 
<rf them by fome of the ancient Geometers, has been urged 
as a fufficient reafon why they ought to be retainied in the 
Elements ; but, upon this principle, numberlefs other pro- 
pofitions might be inferted, which would fwell this com- 
pendious and beautiful fyftem into a large volume ; and 
make it appear more like a common place book than a 
fimple regular performance, judicioufly arranged in all itft 
parts, and difplaying only the firft and moll important 
principles of the fcience. 

Prop. 25, 26, 27. BookVL 

■ ' Thefe elegant and ufeful theorems were not originally 
in Euclid ; but have been inferted in fome of the lace 
editions, by Dn . S i M s o N and other writers. Mr . S i m p« 
so N has given them in the third book of his Elements, an<l 
dcmcmftrated them independently of proportion ; which 
he conceives to be an alteration much for the better : but 
this will fearcdy be allowed, when it is confidered that 
he was obliged to introduce a new theorem for this piir- 
pofe, manifefily derived from the principles laid down in 
the 5th Book ; and that the advantages attending this 
inethod, are entirely deftroyed by a forced and unnatural 
arrangement. 

• - Prof- 
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Prop. 2. Book VIL 

Dr. Simsok, in his notes upon this proportion, ob* 
ferves, that the enunciation of it, in moil editions, has 
been changed and vitiated, by its being propofed to ftew 
that every patt of a triangle is in the fame plane, inftead 
of the way in which it now {lands ; as the property here 
alluded to is faid to be contained in the definition of a tri* 
angle, and is conftantly taken for granted in every part of 
the firft fix books. But he did not perceive that a (imilar 
objeftion might be made to the preceding propofition ; in 
which it. is proved that one part of a right line cannot b« 
in a plane, and another part above it ; this being, in like 
manner, a n^effary confequence of the definition he has 
given oTa pBihe, or rather the very property from which 
it is derived. 

Prop. S. Book VII. 

■ 

The demonftration of this theorem, which is new, and 
more concife than that given by Euclid, is derived from 
a\propcrty of the ifofceles triangle, not mentioned in the 
Elements, but which is found of confiderame ufe in its 
application to other proportions. Several other altera- 
tions have alfo been made in different parts of this book, 
of which, a^ they will be readily difcovered by thofe who 
are verfed in the fubjeft, any farther account i$ Utt* 
necefTary. ^ :. 

^ * Boo^ VIII. 

^'- The method here followed, of treating the folids, is not 
materially different from that which has been employed 

I by 
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by other writers upon the like occafion ; but the propo- 
fitions, it is prefumed, will be found much better ar- 
ranged, and the fubjeft rendered more eafy and familiar -rj^-. 
than has hitherto been done. The author however^ .jjf' 
well aware that it is liable to critical objections ; and had 
it not been incompatible with the plan of the perCormance, 
he certainly would have given it a more fcientific form ;> 
which even from the fimple principles here employ^^ 
might eaPily have been done. But as the advantages 
attending the prefent mode of demonflration, efpecially to 
learners, appeared fuperior to every other confiderationit 
it was adapted in preference to that of Euclid ; which, 
though more accurate, is frequently found to be tedioui 
and obfcure. 
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